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Abstract This paper provides an overview of the one-stage R&D portfolio optimization problem. It provides a novel problem model that can be solved with stochastic
combinatorial optimization methods. Current solution methods are reviewed and a
new method that scales to large problems, Stochastic Gradient Portfolio Optimization (SGPO), is proposed. Although SGPO is a heuristic method, we prove global
convergence in certain conditions. SGPO is numerically compared to current optimization methods on a test case involving Solid Oxide Fuel Cells.
Keywords R&D portfolio · Stochastic combinatorial optimization · Solid oxide fuel
cell

1 Introduction
It has become increasingly apparent that the current energy production and conversion technologies will be unsustainable in the future, but there are no clear technological successors. Research and development (R&D) is needed to reshape the energy
infrastructure, but it is unclear how resources should best be spent. This paper considers a group of projects related to Solid Oxide Fuel Cells (SOFCs). Due to a budget
constraint, only a subset of the projects may be funded, called a portfolio. Once they
are funded, they produce a change in the technology parameters that are related to the
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selected projects, such as the production cost or lifetime for a specific SOFC component. The collection of updated parameters are then used in a function that measures
the overall value of the collection of technologies, most often as a cost of the best
product that may be produced by those technologies. When a funding decision is
made only once, the problem is referred to as a one-stage R&D problem. Often, an
R&D problem will require funding decisions to be made in a sequential decision
process (a multi-stage R&D problem), but that is beyond the scope of this paper.
This paper considers R&D portfolio optimization in an application to Solid Oxide Fuel Cells. Although creating an operable SOFC is significantly less challenging than creating a zero-greenhouse-gas-emission energy system, the cost function
and project interactions related to SOFCs still demonstrate considerable complexity. A fuel cell is comprised of six components, with projects that produce attribute
changes for individual components. The component-based project structure leads to
highly non-linear project interactions, often in the form of a minimum function when
we have to choose the lowest cost component. Project outcomes may have correlations between attributes within the project and sometimes when there are competing
projects. A novel modeling method is proposed to capture the complexity derived
from these issues. Computational difficulties come from the potentially huge number
of portfolios, observations that provide only a noisy measurement of the portfolio’s
true value, and the convoluted correlations between portfolios. To manage these obstacles, this paper proposes a new algorithm, Stochastic Gradient Portfolio Optimization (SGPO), designed to search a large number of possible portfolios and offer an
acceptable selection in finite time. Although this is a heuristic algorithm, we prove
convergence to a global optimum under limited conditions.
Problems of this nature are addressed in both the R&D portfolio literature and
combinatorial stochastic optimization literature. The R& D literature tries to solve
this problem in various ways, often by limiting the form that the cost function may
take. The combinatorial stochastic optimization literature does not deal specifically
with the one-stage R&D portfolio problem, but it does address similar problems. Previous literature is reviewed in Sect. 2. Section 3 defines the problem with special reference to Solid Oxide Fuel Cells (SOFCs). A search heuristic based upon linearized
marginal project values is presented in Sect. 5. Competing algorithms are discussed
in Sect. 6. Numerical results are given in Sect. 7 and conclusions in Sect. 8.

2 Literature review
Work relevant to this problem comes in two main categories: R&D literature and
stochastic combinatorial optimization literature. The R& D literature catalogues the
previous approaches that have been taken solving the one-stage R&D portfolio problem, usually by redefining it into a problem easily solved by traditional methods.
Stochastic combinatorial optimization is a subfield of global optimization where the
cost function is noisy and the constraint set is combinatorial, usually integer. This description fits the one-stage R&D portfolio problem well, so solution methods in this
field will also be surveyed.

One-stage R&D portfolio optimization with an application

2.1 R&D literature
Most papers written about the R&D portfolio problem involve one-stage portfolio
selection. Although this problem is simpler than the multi-stage problem, a few factors still present difficulties: the decision space may be quite large, projects may have
multiple attributes, outcomes are uncertain and can have non-trivial distributions, and
projects may interact in complex ways.
Mathematical programming was one of the first approaches to the one-stage R&D
portfolio problem and is still one of the most natural. Mathematical programming
seeks to maximize a function, such as expected portfolio rewards, with respect to a
decision, the portfolio selection, subject to constraints on the portfolio. The first applications were linear programming models of [25] and [6]. Linear programming is easy
to implement and solve for large problems, but it assumes no project interactions,
continuous decision variables, linear constraints and deterministic project contributions. References [48] and [49] give modern examples. Various authors have adapted
mathematical programming to cope with particular attributes of the R&D portfolio
problem. Reference [64] introduces a formulation with integer and other non-linear
constraints and a non-linear cost function. References [57] and [10] further expand
the types of cost functions used. References [38] and [61] use goal programming for
projects with multiple attributes. More recent theoretical papers use a combination
of these techniques [40, 54, 55], while industrial applications use mixed integer linear programs [8, 42]. Mathematical programming is well-studied and often quickly
solvable for large problems, yet it is practical for only for certain cost function and
constraint forms and it produces a deterministic solution.
Uncertainties have been modeled within a mathematical programming framework
by stochastic programming and fuzzy programming. Stochastic programming modifies mathematical programming to explicitly incorporate probabilistic outcome scenarios. Surprisingly, it has been used only rarely in an R&D setting, see [14, 17, 43]
and [36] for early examples. More recently, [23] use stochastic programming to
model a multi-staged mixed portfolio of R&D projects and securities without any
project interactions. It is also used much more extensively in pharmaceutical pipeline
management than in traditional R&D portfolio management, see [19, 51]. Fuzzy programming is used to implicitly include uncertainty, by giving constraints and/or objective functions a set membership values between 0 and 1 instead of a traditional
metrics. See [18, 63].
There has been a recent trend toward producing a set of Pareto-efficient portfolios
of projects with multiple attributes, rather than a single selection. Methods for computing the efficient set vary, from branch and bound techniques [50] to ant colony
optimization [20]. References [22, 59] present methods for deterministic portfolio
values while [44] uses genetic algorithm search techniques to produce a stochastically non-dominated set of portfolios with uncertain values. Efficient portfolios are
appealing because they allow the user to weight preferences after the portfolios are
presented, but in practice the size of the efficient set can be unworkably large.
There have been isolated papers that attempt to cope with some of the difficulties
of the R&D portfolio problem in ways other than those presented, but they often
have restrictive assumptions. Reference [7] has a cost function based on the sums of
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maxima of competing projects, but computes the overall cost function expectation
via the joint distributions of all non-separable project combinations. As a whole, the
R&D literature has avoided describing the one-stage problem in full generality. The
next subsection will describe it with full generality and present the current solution
techniques for that problem.
2.2 Stochastic combinatorial optimization literature
A class of stochastic combinatorial optimization (SCO) problems, often called discrete stochastic optimization or subset selection problems, has the form
min EC(x, W )
subject to x ∈ X ,

(1)

where W is a random variable, x is the decision variable, and X is a finite set. Let
the decision x be such that xi = 1 when project i is funded and 0 when it is not,
X ⊆ {0, 1}m be the set of all feasible portfolios out of m possible projects, and W
be the technology parameter changes after funding, we describe the one-stage R&D
portfolio problem in its most general form. The cost function C is assumed only to be
defined over X . Any method that solves (1) will solve the one-stage R&D portfolio
problem.
Stochastic combinatorial optimization is a subset of global optimization. SCO
methodology has received only moderate attention in the literature and no solution
method is dominant for all problem sizes. Methods for low to medium-dimensional
are more highly studied than those for higher dimensions. Most R&D problems are
high dimensional; funding 15 projects out of a possible 30 results in more than 122
million potential portfolios and the number grows factorially with the total number
of projects.
The smallest stochastic combinatorial optimization problems are treated as multiple hypothesis comparison problems. Methods were first presented by [62] and [41],
and [35] gives a modern overview. Unlike most other SCO methods, multiple hypothesis testing has been used on the R&D portfolio problem (see [60]). Multiple
hypothesis testing has the benefit of being well-studied, but it still requires all elements of X to be enumerated and sampled at least once. This is feasible when |X | is
less than a few hundred.
In larger problems not every element of X can be sampled. Sampling decisions
have been approached in a number of ways. Partitioning methods divide X into subsets and then generate bounds on those subsets, sequentially eliminating and reducing
the size of each until a solution is reached. More commonly used, however, are search
algorithms that rely at least partially on a random search of X . These include simulated annealing (SA), ant colony optimization (ACO), and evolutionary computation
(EC). The following is a brief overview of contemporary SCO methods; see [9] for a
more complete review.
Partitioning methods rely on dividing X and sampling the most promising portions. The branch and bound technique is applied to stochastic problems by [46], who
provide a proof of convergence. The Nested Partitions method is proposed by [56]. It
samples partitions based on a Markov chain structure and chooses a solution based
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on the number of times each singleton partition was visited. These methods tend to
have high computation times for large problems.
There have been a number of SCO algorithms that involve random searches. Many
use pairwise decision comparison to produce a sequence of increasingly good solutions, such as [2, 4, 5, 65], and [3]. Convergence is shown in some cases by increasing
the sampling sizes or keeping a record of estimates for all decisions sampled. Ordinal
optimization expands random searches to high dimensions by softening the procedural goal from finding the optimal solution to finding an acceptable solution with
high probability (see [15, 16, 33]).
Simulated annealing is one of the most widely studied SCO random search algorithms. Based on the work of [45], [39] and [11] independently suggested the method
for deterministic global optimization. References [1, 24, 26, 31] and [47] extend simulated annealing to the stochastic problem and show convergence for certain cases
with discrete decision sets. Converge can be quite slow, especially in high dimensions.
Evolutionary Computation and Ant Colony Optimization algorithms vary from the
above random search algorithms in that they search a population of decisions, rather
than a single, competing alternative. EC relies on evolutionarily and genetically inspired search mechanisms, such as mutation and survival of the fittest. Reference [34]
proposed Genetic Algorithms, the evolutionary computation subfield most commonly
used in stochastic combinatorial optimization. Although convergence has been shown
under certain conditions for deterministic functions on finite, combinatorial decision
spaces [29, 53], it is not inherent [52]. Reference [37] gives a survey of EC applied
to noisy environments. Recent work by [13] and [12] has produced provably convergent algorithms for solving Markov Decision Processes. Reference [32] extend this
work to solving problems with the form of (1). Ant Colony Optimization, introduced
by [21], uses random paths and time-dependent “pheromone trails” to find good solutions. Reference [30] gave a proof of convergence for SCO-type problems.
While many of the above mentioned algorithms are provably convergent, they
are not made for large problems. All either rely on decision space enumeration or a
random search of that decision space. Structure-based searches should reach a reasonable solution more quickly than random searches, especially for large problems.
There have been some attempts to use structure-based searches, such as an extension
of the Simultaneous Perturbation Stochastic Approximation of [58] to discrete decision spaces by [27]. It, however, cannot be used for all discrete decision spaces. We
seek to provide a structure-based search for large R&D portfolio problems.

3 Problem formulation
This paper considers how resources can be allocated across a variety of projects necessary for a Solid Oxide Fuel Cell (SOFC). Fuel cells provide combustion-less conversion of hydrogen into electricity. H2 contacts the anode and is split into positive
hydrogen ions and electrons. Air contacts the cathode, which combines the electrons
generated by the anode and the O2 contained in the air to form negatively charged
oxygen ions. The oxygen ions travel through the electrolyte, attach to the hydrogen
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Fig. 1 A diagram of a Solid Oxide Fuel Cell (left) and a fuel cell stack (right)
Table 1 Components of a solid oxide fuel cell and associated technology parameters. Power density is
given in W/cm2
Component

Technology

Param.

Technology

Param.

Technology

Param.

Anode

Surface Area

SA
ρA

Power Density

PD
ρA

Prod. Cost

COST
ρA

Cathode

Surface Area

Power Density

COST
ρC

Reaction Stability

Prod. Cost

COST
ρE

Bipolar Plates

Temp. Stability

Prod. Cost

COST
ρB

Seal

Temp. Stability

Chemical Stability

PD
ρC
DEG
ρE
CON
ρB
ρSCS

Prod. Cost

Electrolyte

Prod. Cost

ρSCOST

Pressure Vessel

Design

SA
ρC
RS
ρE
TS
ρB
ρST S
ρPDES

–

–

Prod. Cost

ρPCOST

Degradation
Conductivity

ions and form water. The current is generated by the flow of electrons from the anode
to the cathode. Fuel cells are characterized by their electrolyte; SOFCs have a solid
oxide, or ceramic, electrolyte. Unlike other fuel cells, SOFCs can operate at high temperatures (up to 1,000 degrees C) and can utilize many gaseous fuels containing H2 ,
such as methane, propane, and gasified biomass, instead of pure H2 .
To create higher voltage, the individual fuel cells are placed in series with bipolar
plates in between them. This configuration is known as a stack. Stacks are placed in a
pressure vessel, which is then sealed to retain heat. See Fig. 1 for a diagram of a fuel
cell.
An SOFC is comprised of six components: an anode, cathode, electrolyte, bipolar plate, seal and pressure vessel. As shown in Table 1, most components, with the
exception of the pressure vessel, are characterized by three attributes. The values of
the attributes are denoted by technology parameters, ρ. A project (in the form of
a research proposal) may improve some or all of the components within a single
component area. There may be multiple projects that might inimprove the same component, such as an anode created from metal A and an anode created from metal B.
Projects for the same component are viewed as competing. If anode A is funded, it
changes only the technology parameters associated with anode A. If a project is not
funded the technology parameters retain their original values. There are m possible
projects, out of which a subset are selected to form a portfolio. The selected projects
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are then funded, and a random change occurs in the technology parameters for those
projects. After the change occurs, the results are measured by determining the cost
of the best fuel cell that can be created. The combination of a single anode, cathode,
electrolyte, bipolar plate, seal and pressure vessel that produces the lowest cost per
unit time is chosen from all projects, funded or not. The model and cost function are
described in more detail in the following section.
Each project i consists of a set of technology parameters,
 1 2
ri 
,
, ρt,i , . . . , ρt,i
ρt,i = ρt,i
where t is a time index in {0, 1} and {1, 2, . . . , ri } are the technology numbers. In
general, t denotes the time at which a random variable or function is known. The
number ri denotes the number of technology parameters, or attributes, for project i.
For example, project i may represent a proposal to fund research in materials science to improve the coating on bipolar plates, which would influence the temperature stability, conductivity and production cost of the associated plate. Therefore,
the technology parameters ρiT S , ρiCON , ρiCOST would be affected if the project were
funded. For this application, alpha-numeric combinations such as C2 will be used
to denote the project component and number due to the component-based nature of
the problem, and a brief description, such as COST, will replace the generic technology index. The overall state of the technology parameters at time t is given by
ρt = (ρt,1 , ρt,2 , . . . , ρt,m ). Table 1 lists all components and technology parameters
relevant to those components.
Project technology parameters are indexed by the time, component and project
number in the subscript with the technology in the superscript. For example, the
parameter for the production cost of a cathode under project 2 at time 0 would
COST . The entire state of technology for the cathode under project 2
be given by ρ0,C2
SA , ρ P D , ρ COST ). A hierarchical chart of the fuel
at time 0 would be ρ0,C2 = (ρ0,C2
0,C2 0,C2
cell/component/project/technology parameter structure is given in Fig. 2.

Fig. 2 Funding is done at the project level while the funding results in changes at the technology parameter
level. The component level exists to help with modeling the cost function
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Funding decisions are described by the vector x. If project i is funded, xi = 1, otherwise, xi = 0. The decision variable is an m-dimensional vector of 0’s and 1’s, representing the decision to fund or not to fund each of the m projects x = (x1 , x2 , . . . , xm ).
Furthermore, each project i costs ci to fund. Projects are then selected subject to a
budget b, producing the constraint
m


ci xi ≤ b.

i=1
j

Once a project is funded, the technology parameters it affects may change. ρ̂i is
the change in the j th technology area of the i th project from the 0th to the 1st time
period as a result of funding the research. The technology changes for project i are
ρ̂i = (ρ̂i1 , ρ̂i2 , . . . , ρ̂iri ). The technology change is a random variable dependent on ρ0
and x. In the case of SOFCs, all exogenous information is assumed to be uniformly
distributed. For example, the change in the production cost of a cathode of type 2 has
the distribution


COST
COST
,
∼ xi × U 0, ρ̃C2
ρ̂C2
COST is a fixed parameter denoting the upper bound for changes and U[a, b]
where ρ̃C2
is the uniform distribution on [a, b]. Although the above equation simply multiplies
the decision with the change, the exogenous information is simply a function of the
decision and some base parameters. It can include externally generated technology
changes or correlations between technology parameters and projects. The value of
the technology parameters at time 1 is given by

ρ1,i = ρ0,i + ρ̂i .
Once the new technology parameters have been obtained, a cost metric is used
to determine their value. In the case of SOFCs, the goal is to produce the cheapest
fuel cell per unit of average lifetime that still meets certain requirements on pressure
vessel design and temperature stability. The cost is given by selecting the best anode,
cathode, electrolyte, bipolar plates, seal and pressure vessel, computing the production cost, dividing by the lifetime of the whole fuel cell, and then adding a penalty
for unmet specifications. The cost metric is given explicitly in the next section. The
cost for a given portfolio x and outcome ρ̂ is denoted as C(ρ1 (ρ0 , x, ρ̂)).
The preceding elements are incorporated to formulate the one-stage R&D portfolio problem as
min E C(ρ1 (ρ0 , x, ρ̂))
x

subject to

m


ci xi ≤ b,

(2)

i=1

xi ∈ {0, 1}.
While this may be very simple to write, it is quite hard to solve. This complexity
comes from three main areas. First, the decision set, the region of feasible portfolios,
is combinatorial and may be huge. Second, the expectation can only be approximated
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by Monte Carlo methods. Third, the cost function may have many local minima.
The combination of these issues makes the use of most local or global optimization
methods inefficient.

4 Cost function
Like many engineering problems, SOFC R&D portfolio optimization has a nontrivial cost function. We are concerned with finding the cost of the cheapest fuel cell
available given components and their associated technology parameters. This section
derives a cost metric C for a fuel cell, based on the capital cost of the SOFC per kWh.
This metric does not include fuel costs. It assumes that the SOFC is built around a
stack of 1,000 fuel cells, each with a footprint of 1,000 cm2 .
This metric will produce an estimate four quantities: the power output of the fuel
cell, the lifetime, the cost and penalty terms. A final cost will be given in terms of
$/kW h with penalties added afterward. Penalties are given for failure to meet certain
criteria, such as a suitably wide operating temperature range and an adequate pressure
vessel design metric.
The cost metric at time t will be calculated for each set of projects that is comprised of an anode, a cathode, an electrolyte, a bipolar plate, a seal and a pressure
vessel. Denote this set by its indices, {i1 , i2 , i3 , i4 , i5 , i6 } = I, where i1 is the i1st anode project, i2 is the i2nd cathode project, etc. The cost for the set of projects I is
calculated in the following steps.
First, the power of the entire stack is calculated. Since the power density is determined by the minimum power density of the anode and cathode,
P D × ρ SA , ρ P D × ρ SA },
Ct,PID = min{ρt,Ai
t,Ai1 t,Ci2
t,Ci2
1
CON
PD
2
Ct,kW
I = 1,000 cm × Ct,I × ρt,Bi4 ,
CON is the proportion of power lost through imperfect conductivity. The
where ρt,Bi
4
capital cost for the fuel cell is
 COST

COST
COST
COST
COST
COST
Ct,COST
= 1,000 × ρt,Ai
+ ρt,Ci
+ ρt,Ei
+ ρt,Bi
+ ρt,P
+ ρt,Si
i6 .
I
1
2
3
4
5

The lifetime of the fuel cell is the minimum of the lifetimes of the components,
RS
DEG CS
Ct,LIIF E = min{ρt,Ei
, ρt,Ei
, ρt,Si5 }.
3
3

The unpenalized capital cost per kWh is calculated by
=
Ct,COST
I

Ct,COST
I
LI F E
Ct,kW
I × Ct,I

.

The upper temperature bound is the minimum of all of the temperatures
TS
TS
Ct,T IEMP = min{ρt,Bi
, ρt,Si
}.
4
5
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Fig. 3 The cost of a fuel cell with respect to varying power density in two competing anodes, with all
other values held constant. Note that the cost function is not convex in these two variables

The penalties for not meeting design specifications and temperature range are calculated as follows,



+ 2
DES + 2
Ct,PIEN = a DES ρ̃ DES − ρt,P
+ a T EMP Ct,T IEMP − ρ̃ T EMP
,
i6
where ρ̃ DES , ρ̃ T EMP are threshold parameters and a DES , a T EMP are scaling parameters. Finally, the penalty is added to the unpenalized cost to get a cost for a specific
component combination I at time t:
Ct,I = Ct,COST
+ Ct,PIEN .
I
The cost of a portfolio selection is defined as the lowest cost metric of a set of components at time 1 given portfolio selection x and the technology parameter realization
ρ1 (x, ω). Therefore,
C(ρ1 (x, ω)) = min C1,I ,
I ∈A

where A is the set of all feasible component combinations.
The function produced by this cost function lacks many desirable properties, such
as convexity in the technology parameters. See Fig. 3 for a cut across the power
densities of two competing anodes.
5 Stochastic gradient-based portfolio optimization
Most global optimization methods use some sort of randomized search to find portfolios (see [13, 31] and [3]). This may be necessary when the cost function has no
structure, but it results in slow search progress when the decision space is large. We
propose an algorithm that provides high quality solutions, with a high degree of reliability, while accommodating the full generality of the problem. We use a linear approximation of the objective function to produce a sequence of knapsack problems,
which are easily solved to near optimal solutions by most modern math programming
packages. The method scales to large values of m.
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5.1 The SGPO algorithm
In (2), E C(ρ1 (ρ0 , x, ρ̂1 )) is impossible to compute exactly. Instead, it will be approximated by a function V (x) that assigns marginal values, vi , to each project. The
approximated value of the portfolio is the sum of the marginal values of the projects
in the portfolio,
V (x) =

m


xi v i .

i=1

The marginal values are estimated using a series of stochastic gradients. Special
care needs to be taken due to the integrability constraints of the R&D portfolio problem, that is xi ∈ {0, 1} for i = i, . . . , m. If we allowed the constraints 0 ≤ xi ≤ 1
instead, we would be able to evaluate stochastic derivatives more and more locally,
where
C(x n + n ) − C(x n )
v̂ n+1 =
.
n
As we let n → 0, v̂ n+1 would converge to a local stochastic gradient. Algorithms
for such cases have already been presented in the literature, such as simultaneous
perturbation stochastic approximation of [58].
n and that a feasiSuppose that the values are currently estimated by v̄1n , v̄2n , . . . , v̄m
n
n+1
st
be the n + 1 outcome and
ble portfolio x has been chosen. Let ω


v n+1 = C ρ1 (ρ0 , x n , ρ̂1 (ωn+1 )) .
(3)
In order to determine the i th stochastic gradient, we need to create a portfolio
perturbed around the i th project. Let x̂ n,i be a new portfolio found by solving
x̂ n,i = arg max
y

subject to

m


v̄jn yj

j =1
m


cj yj ≤ b

(4)

j =1

yi = 1 − xin
yj ∈ {0, 1}, j = i.
This adds project i into the perturbed portfolio if it is not in the original and takes
it out if it is. The perturbed technology change is found by
ρ̂jn+1,i,k = x̂jn,i × Ujk (ωn+1 ),
where Ujk ∼ U[0, ρ̃jk ] is a random variable that describes the technology change
of the k th technology of the j th project if that project were funded. The updated
technology parameters for the perturbed portfolio are ρ1n+1,i = ρ0 + ρ̂ n+1,i . The value
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of the perturbed portfolio for the given outcome ωn+1 is

C(ρ1n+1,i ) − v n+1 if xin = 1,
v̂in+1 =
v n+1 − C(ρ1n+1,i ) if xin = 0.
The nth estimate for the i th marginal value is obtained by smoothing the n + 1st
stochastic derivative realization into the preceding estimate using
v̄in+1 = αn v̂in+1 + (1 − αn )v̄in ,

(5)

where αn is a stepsize in (0, 1]. The stepsize must meet some basic criteria,
αn > 0,

∞


(αn ) → 0,

αn = ∞.

(6)

n=0

We initialize the values of v̄ by randomly choosing feasible portfolios for the first
M iterations. If n > M, x n is found by solving
x n = arg max

m


xi v̄in

i=1

subject to

m


ci xi ≤ b,

(7)

i=1

xi ∈ {0, 1}.
The first M iterations train v̄ to a reasonable value.
The overall value function is updated by
V̄ n+1 (ρ0 ) = αn v̂ n+1 + (1 − αn )V̄ n (ρ0 ).
As in (5), αn is a stepsize in (0, 1] and must satisfy the conditions in (6), but it is
not necessarily the same as the one in (5). The complete algorithm is presented in
Algorithm 1.
5.2 Convergence analysis for SGPO
In certain cases, SPGO can be guaranteed to converge to an optimal solution. The
non-continuous nature of E(v̂|v̄) − v̄ in v̄ makes traditional ODE convergence methods hard to use, but a few special cases have provable convergence.
We consider the case where there exists an ordering of marginal values that holds
for all portfolio choices and a fixed budget b that must be satisfied. We use the subscripts [1], [2], . . . , [m] to denote the indices of the project with the largest marginal
value ordered, [1], down to the project with the smallest marginal value, [m].
Theorem 1 Algorithm 1 converges to the optimal solution in probability if
(a) the project costs are equal, that is
m

i=1

xi = b,
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Algorithm 1: Stochastic Gradient Portfolio Optimization
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:

Initialize v̄ 0
for n = 0 to N do
Choose a portfolio x n :
if n ≤ M then
Pick random x n ∈ {0, 1}m
else
Find x n by solving (7)
end if
Get outcome ωn
Set v̂ n+1 = C(ρ1 (ωn+1 , x n ))
for j = 1 to m do
Make a new portfolio x̂ n,i by solving (4)
Find v̂in+1 by (3)
v̄in+1 = αn v̂in+1 + (1 − αn )v̄in
end for
end for

(b) and there exists a set of indices [1], [2], . . . , [m] such that for any v̄,
E(v̂[1] |v̄) > E(v̂[2] |v̄) > · · · > E(v̂[m] |v̄).
Proof To show convergence in probability, we need to show that for every  > 0 and
n > v̄ n > · · · > v̄ n |v̄ 0 } > 1 − .
v̄ 0 there exists N such that for every n ≥ N , P{v̄[1]
[m]
[2]
n
First consider how v̄[k] is estimated,
n
=
v̄[k]

n−1


n−1


i=0

i=1

0
(1 − αi )v̄[k]
+

αi−1

n−1

j =i

i
n
(1 − αj )(v̂[k]
|v̄ i−1 ) + αn−1 (v̂[k]
|v̄ n−1 ),

n |v̄ n−1 is the stochastic gradient at time n conditioned on the estimated
where v̂[k]
n is the weighted sum of an
marginal values (and hence portfolio) at time n − 1. v̄[i]
initial term and n stochastic observations.
Fix  > 0. Using Boole’s Inequality,

n
n
P v̄[1]
≥1−
> · · · > v̄[m]

m


n
n
.
P v̄[i]
> v̄[i−1]

i=2
n > v̄ n
We therefore want to show that we can choose n such that P{v̄[i]
[i−1] } ≤
n
n ). Let
each i = 2, . . . , m. Let μni = E(v̄[i−1]
− v̄[i]

μmin = min |E(v̂[i] − v̂[j ] |v̄)|,
[i],[j ],v̄


m

for
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that is, the minimum distance between any two expected marginal values given any
ordering. Furthermore, let
2
σmax
= max Var(v̂[i] − v̂[j ] |v̄),
[i],[j ],v̄

2
the largest possible variance for the difference between any two marmaking σmax
ginal observations under any set of estimated values. Fix δ < μmin . Choose n such
0
0
that δ > n−1
k=0 (1 − αk )|v̄[i] − v̄[j ] | for every pair ([i], [j ]). Then, we look at each
inequality individually. By the one-sided Chebyshev Inequality,
n
n
n
n
P v̄[i]
− v̄[i−1]
≥ 0 = P v̄[i]
− v̄[i−1]
+ μni ≥ μni
n
n
≤ P v̄[i]
− v̄[i−1]
+ μni ≥ μmin − δ

≤
≤
where


λ =
n

n − v̄ n
Var(v̄[i]
[i−1] )
n − v̄ n
2
Var(v̄[i]
[i−1] ) + (μmin − δ)

2
λn σmax

2
λn σmax
,
+ (μmin − δ)2

(αn−1 )2

if n = 1,

(1 − αn−1 )2 λn−1

if n > 1.

(8)

Note that λn → 0 as n → ∞, so it is possible to choose n such that
2
λn σmax

≤ .
2
λn σmax
+ (μmin − δ)2 m
n − v̄ n
Since P{v̄[i]
[i−1] ≥ 0} is decreasing in n, for every n ≥ N ,
n
n
n
P{v̄[1]
> v̄[2]
> · · · > v̄[m]
|v̄ 0 } > 1 − . 

A number of problem formulations fulfill the conditions for Theorem 1, assuming
that the expected cost of each portfolio has finite mean and variance. This includes
the case where only one project is selected (with any finite mean and variance cost
function) and the case where the cost function is separable (additive),
C(ρ1 ) =

m


fi (ρ1,i ).

i=1

6 Competing algorithms
The most common stochastic combinatorial optimization techniques for medium
to large sized problems are simulated annealing (SA) and evolutionary algorithms.
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Since evolutionary algorithms come in so many forms, we have chosen one that
shows the most promise for our problem, Evolutionary Policy Iteration.
Simulated annealing can be made provably convergent via sampling routines. References [24, 26] and [31] all require that the noise in the estimates decrease each iteration. For most distributions of noise, this requires sampling the competing portfolios
at least O(nγ ), γ > 2, times each iteration. References [1] and [47] do not require
an increasing number of samples each iteration, but they do require that averages
for every portfolio visited be recorded. In practice, this is problematic because convergence requires that every portfolio be visited and have a corresponding estimate
stored. The latter method is impractical for the R&D portfolio problem, so only the
former will be used for numerical comparisons.
Evolutionary Policy Iteration (EPI) was proposed in [13] and [12]. It was suggested as a method to find optimal policies in Markov decision processes (MDP).
The word “policy” refers to a set of state-action choices, but in our case a “policy”
is simply a rule for choosing a portfolio. Since there is only one decision to be made
and it depends on ρ0 , there is only one state, ρ0 . In essence, each iteration the algorithm has an “elite” portfolio choice from the previous iteration. A set of k portfolios
is generated based on the elite portfolio, either as a relative of the elite portfolio with
probability p, or as a mutation with probability 1 − p. They are then compared, and
the best one is chosen to be the new elite portfolio. This converges to the global minimum. The basic algorithm, modified from [13] to fit an MDP with a single starting
state and a single time period, is given in Algorithm 2.

Algorithm 2: Evolutionary Policy Iteration (Chang et al. 2005)
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:

Initialize x 0 , specify p
for n = 1 to N do
Choose π n , a population of portfolios:
for i = 1 to k do
if u ≤ p, where u ∼ U[0, 1] then
Choose πin as a random portfolio in N (x n−1 ), where N (x n−1 ) is a
neighborhood around x n−1
else
Choose πin as a random portfolio in X
end if
end for
n = x n−1
Set πk+1
for i = 1 to k + 1 do
Set vin = EC(ρ1 (πin ))
end for
Set x n = πin , i = arg minj vjn
end for

Both proposals of EPI [12, 13] assume that E C(ρ1 (x)) can be computed without
error for every portfolio x. Reference [12] notes that E C(ρ1 (x)) could be computed
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via simulation, but does not offer a sampling routine or convergence results. Since
E C(ρ1 (x)) can only be approximated via Monte Carlo simulations in this application, this section will provide a modification of Algorithm 2 to handle this situation
and provides a proof of convergence for the resulting algorithm.
EPI is modified to manage Monte Carlo estimates by the inclusion of a sampling
schedule, (ξn )n≥0 . To make the algorithm converge, the number of samples for each
portfolio in iteration n must be O(nγ ), where γ > 2. Lines 12–14 of Algorithm 2 are
replaced by those described in Algorithm 3.
Algorithm 3: Sampling routine to replace lines 12 − 14 of Algorithm 2
1: for j = 1 to ξn do
2:
Get an outcome ωjn
n
3:
Set v1n = v2n = · · · = vk+1
=0
4:
for i = 1 to k + 1 do
1
n
n
n
5:
vin = j −1
j vi + j C(ρ1 (πi , ωj ))
6:
end for
7: end for

Theorem 2 Algorithm 2 when modified by Algorithm 3 converges to the optimal
portfolio when the cost function C is bounded and the sampling sequence (ξn )n≥0
increases with O(nγ ), with γ > 2.
This version of the algorithm was developed as a part of this research, but its proof
of convergence is beyond the scope of this paper, and is instead given in [32].
7 Algorithm behavior and numerical results
Although SGPO is guaranteed to converge in some situations, it may not in all situations. Often, it gets trapped in a local minimum instead of a global minimum. This
tends to happen when there are multiple local minima that cannot reach each other by
changing one or two projects. In other situations, the algorithm spends time cycling
between portfolios, with portfolio changes occurring less often as the iteration number increases. Portfolio changes are shown by the dots in the lower graph of Fig. 4.
In later iterations, however, SGPO tends to cycle through nearly equally good portfolios. Portfolio changes are still happening in the later SGPO iteration of Fig. 5, but
the estimated value remains stable.
As a side note, trial runs of the algorithm show that marginal values can be extremely portfolio-dependent; this is shown in Fig. 4. This is to be expected, since
funding two competing projects will diminish the marginal values of each. Such effects have been observed in actual R&D values [28].
The performance of SGPO was compared to some of its main competitors: a simulated annealing (SA) algorithm proposed by [31] and a Monte Carlo-based evolutionary algorithm, proposed by [13], as modified in Sect. 6. Unlike SGPO, both SA
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Fig. 4 Marginal values when all project costs are equal; 9 of the 18 projects are chosen. Dots in the lower
graph signify portfolio changes. Marginal values can change drastically with the portfolio composition.
Portfolios change less rapidly as the number of iterations increases, but do not necessarily settle on a single
portfolio

Fig. 5 Sample paths for SGPO, SA and EPI. The estimated value for the selection, V̄ n , is plotted against
the run time in seconds. Termination for all algorithms is roughly equivalent to 5,000 SGPO iterations.
Note that in early iterations with some frequency both SA and EPI choose the poorer portfolio from the
set of portfolios to be compared

and EPI are provably convergent to the global optimum with probability one for all
cost functions. The experimental question that remains to be resolved is the rate of
convergence and the reliability of each algorithm in terms of solution quality within
a specific computing budget.
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Both SA and EPI used a sampling size of nγ , where γ = 2.00001, which was
rounded to the nearest unit. Each iteration of EPI had four portfolios besides the
selection from the previous iteration. Neighborhoods in the EPI algorithm around a
portfolio x were designated as the set of all feasible portfolios where at most two
portfolio items differed. For example, if xi = 1 and xj = 0, then the portfolio y,
where yi = 0 and yj = 1, yk = xk , and k = i, j would be in the neighborhood of x as
long as y is feasible.
Choosing competing portfolios in non-equal cost cases is done is done in a slightly
different manner. Whenever the algorithm calls for a completely random portfolio,
a vector of random contributions for each project, (d̂1 , . . . , d̂m ) is generated. Then,
the following knapsack problem is solved to generate the portfolio x̂,
x̃ = arg max

m


d̂i xi

i=1

subject to

m


ci xi ≤ b,

i=1

xi ∈ {0, 1}.
Whenever the algorithm calls for a random portfolio within a neighborhood, a
project currently in the portfolio is selected for removal. Let i1 , . . . , im(in) be the
indices of the remaining projects within the portfolio and j1 , . . . , jm(out) be the indices of the projects that were never in the portfolio. A vector of random costs,
(d̂i1 , . . . , d̂im(out) ), is generated for all the projects that were never in the portfolio.
A portfolio of additional portfolio projects ỹ is found by solving the following knapsack program,
jm(out)

ỹ = arg max



d̂k xk

k=j1
jm(out)

subject to



im(in)

ck xk ≤ b −

k=j1



c ,

=i1

xk ∈ {0, 1}.
The additional projects selected are added to the projects of the original portfolio left
after the removal of the random project to produce the new portfolio x̃.
Figure 5 is a collection of estimated portfolio values as a function of cost function evaluations. SGPO tends to a reasonable portfolio quickly, while SA and EPI
often take a greater number of iterations to reach a low-cost portfolio. For a particular problem SGPO moves quickly to a low-cost portfolio, but it may not quickly
account for high-cost, low-probability events. These are represented by the vertical
jumps of the SGPO line in the figure. In contrast, both SA and EPI choose a portfolio after sampling it many times, and tends therefore to avoid portfolios with such
events.
Figures 6 and 7 show the empirical probability density function of each method.
Each method was run for 1000 iterations to obtain a portfolio selection. The value of
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Fig. 6 Empirical PDFs for SGPO, EPI and SA when 20 projects are chosen out of 100. All algorithms
are given the computational equivalent of 100 SGPO iterations. The number of possible portfolios for this
problem is 5.3598 ×1020 . The graph is a restriction of the outputs to those that are under 2 cents per kWh.
Some outcomes for simulated annealing had expected costs of more than 30 cents per kilowatt hour

Fig. 7 Empirical PDFs for SGPO, EPI and SA when there are 15 projects with unequal costs that range
from 1 to 8 with an average of 2.867 and a maximum portfolio cost of 10. The graph is truncated to 12
cents per kilowatt hour. Both simulated annealing and EPI had significant density around 22.5 cents per
hour. There were 3,000 SGPO iterations to determine each portfolio; time-equivalent numbers of iterations
for SA and SGPO were used for comparison

each portfolio selected in cents per kilowatt hour was estimated through 500 Monte
Carlo simulations. The empirical probability density function p̂(x) for each method
was then determined by discretizing the cost axis, counting the number of outputs

L. Hannah et al.
Table 2 Mean, standard deviation, minimum and maximum for each algorithm in cents per kWh. SGPO
consistently outperformed its competitors in most metrics
¢/ kWh

18 Choose 9, 100 It.
SGPO

EPI

18 Choose 9, 1,000 It.
SA

SGPO

EPI

18 Choose 9, 5,000 It.
SA

SGPO

EPI

SA

Mean

0.78

1.66

6.43

0.62

1.31

4.92

0.61

1.16

3.93

Std.

0.45

1.03

10.46

0.12

0.50

7.00

0.04

0.51

4.67

Min

0.49

0.57

0.58

0.50

0.57

0.63

0.50

0.53

0.67

Max

7.41

7.05

47.70

3.43

5.69

48.03

0.79

6.46

45.70

SGPO

EPI

SA
16.68

¢/ kWh

100 Choose 20, 100 It.

Knapsack 15, 5000 It.

SGPO

SGPO

EPI

SA

EPI

SA

Knapsack 30, 3000 It.

Mean

0.34

0.63

3.22

4.72

13.20

15.28

1.88

14.57

Std.

0.41

0.31

5.63

1.27

5.82

6.42

1.27

7.12

7.06

Min

0.18

0.26

0.31

2.01

5.33

5.24

0.23

3.86

3.45

Max

4.71

4.05

31.29

7.02

22.51

22.51

5.47

22.50

22.51

in each bin, and then dividing by the total number of observations (1000) multiplied
with the band width. That is for a bandwidth b,
p̂(x) =

count of outputs in [x − b/2, x + b/2)
.
1000 ∗ b

This approximates the probability density function of the true distribution of portfolio
selections, p(x).
SGPO was compared to EPI and SA in two problem settings. In all settings, the
algorithms were run for a roughly equal amount of time. First, the algorithms were
run in a setting where all problem costs are equal under various problem sizes. Second, the algorithms were run with unequal project costs. Table 2 gives statistics for
the algorithm comparisons.
SGPO outperformed its competitors in all settings. The mean selection of SGPO
was consistently better than the other two algorithms and it avoided the heavy tails
that were demonstrated particularly by SA. Additionally, the given problems may
not have demonstrated the full strengths of SGPO. It should greatly outperform SA
and EPI on very large decision spaces since the latter two algorithms rely on random
sampling to some extent. SA and EPI get to sample relatively few portfolios due to
the increasing number of samples required each iteration for convergence. It is likely
that even in the largest test, where 20 projects were chosen out of 100, there was a
significant proportion of acceptable portfolios. This would explain why SA was still
within an order of magnitude in this setting, even though it relies almost exclusively
on a random search.
8 Discussion
This paper presents a flexible model for the one-stage R&D portfolio problem in
Sect. 3. It allows technical interactions between projects to be modeled in a logical
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manner with a minimal number of parameters that need to be specified. Section 5
presented a new algorithm, SPGO, to find a good solution to the R&D portfolio optimization problem quickly, and proved convergence in some situations. Although
not provably convergent in all situations, it had better performance than its competitors, EPI and SA, in a test problem involving Solid Oxide Fuel Cells. When the cost
function can only be evaluated a small number of times, SGPO may be a better solution method than current stochastic optimization algorithms. More work is needed to
determine the range of problems for which SGPO is and is not convergent. Nevertheless, the provably convergent algorithms may be useful in one-stage R&D portfolio
optimization where computing time is not limited.
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