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A sequential information collection problem, where a risk-averse decision maker updates a Bayesian belief about the unknown
objective function of a linear program, is used to investigate the informational value of measurements performed to refine
a robust optimization model. The information is collected in the form of a linear combination of the objective coefficients,
subject to random noise. We have the ability to choose the weights in the linear combination, creating a new, nonconvex
continuous-optimization problem, which we refer to as information blending. We develop two optimal blending strategies:
(1) an active learning method that maximizes uncertainty reduction and (2) an economic approach that maximizes an expected
improvement criterion. Semidefinite programming relaxations are used to create efficient convex approximations to the non-
convex blending problem.
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1. Introduction. Consider planning problems that can be reformulated as linear programs (LPs) in stan-
dard form:

maximize ¢’ x subject to Ax=5b, x> 0. (1)

In practice, inaccuracies in the problem data (for example, in the objective coefficients ¢) may lead to decisions
x that may perform much worse than predicted. To hedge against such cases, a risk-averse decision maker may
apply the framework of robust optimization (Ben-Tal et al. [5]) to obtain more conservative decisions. Typically,
we would first infer an uncertainty set ‘€ for ¢ with good geometric properties to retain tractability, and then
optimize the worst-case bilinear objective max, ., min.., ¢' x, where % = {x € R": Ax = b, x > 0} is assumed
to be bounded. The question then arises: How should € be chosen? Recent work (Bertsimas and Gupta [8]) has
considered the possibility that it may be based on exogenous data, such as a field experiment or a stochastic
simulation. In other words, the uncertainty set and the robust decision may be based on noisy information.

Suppose now that such information can be progressively acquired over multiple time periods. Each new piece
of information has the potential to change 6, and with it the worst-case decision over 6. Furthermore, if we
have some degree of control over the collection of new information, and a limited number of opportunities
to collect it, this gives rise to a new optimization problem. We now have to collect information to guide the
evolution of € in a way that will optimize the quality (in the statistical or economic sense) of the eventual
robust decision x € %.

We adopt a Bayesian perspective, in which any unknown quantity is modeled a random variable. To emphasize
this interpretation, we use the notation ¢"™¢ to represent the unknown “true” values of ¢. The statement that ¢"™°
follows a multivariate Gaussian distribution with mean ¢ and covariance matrix >, written

M~ N (2, D), (2)

represents our subjective assessment of what might be a reasonable range of values for the problem parameters.
The prior parameters ¢ and 3 represent our beliefs about ¢"™, and may be based on data or domain knowledge,
but the model in (2) includes uncertainty and allows for the possibility that our beliefs may be inaccurate (we
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further discuss the role of the normality assumption below). Then, a natural choice for the uncertainty set € is a
confidence ellipsoid constructed from (2), and consequently, the worst-case maximization may be reformulated
as the second-order cone program (SOCP) (Alizadeh and Goldfarb [2]),

v,(¢,2) = magg{ETx —avxT3x}, 3)

for some « > 0; see, for instance, Ben-Tal et al. [5, Example 1.3.3] on ellipsoidal uncertainty.
Every time we obtain new information, we modify our beliefs, which changes the distribution in (2) and the
risk-averse decision in (3). We assume that new information on ¢™° is obtained in the form

yZMTCm‘c—i-w, (4)

where u € R" is a measurement vector chosen in the ball B = {u € R": ||u||, < 1}, whereas w ~ /' (0, 02) is an
independent Gaussian noise with zero mean and known variance o2 > 0. Whereas the noise w is exogenous,
the measurement vector u is chosen by the decision maker. Under normality assumptions on ¢™° and w, the
posterior distribution of ¢™¢, given a choice of u and the resulting observation y, is again multivariate normal
with parameters

o - Su T
c—c+uT2u+Ul%(y—c u), (5)
, Suu's
S ©

and the optimal value v, (¢, 2) in (3) is updated to v, (¢, Y). This structure, where the unknown coefficients
are “blended” into a single scalar observation, is further motivated in §2.1; for now, we briefly note that it arises
in applications of linear regression, where we have the ability to choose the feature vector of a new data point.

The closed-form update given in (5)—(6) allows us to consider problems where multiple observations can be
collected in a sequence. Given an initial prior ¢"™ ~ N(¢,, %) with user-specified (¢, %), and a sequence
{u;: k > 0} of measurement vectors, we can recursively apply (5)—(6) to obtain ¢, %,,, from ¢, 3, u,
and y,,, = u] ¢™ + w,,,, where the noise terms {w,,,} are independent and identically distributed (i.i.d). A
standard result from Bayesian analysis (Minka [38]) holds that, under normality assumptions, the pair (¢;,X;)
is a sufficient statistic (in the sense of Bickel and Doksum [11]) for the entire history u, ¥, . . ., #;_,, ¥, of the
learning process up to time k. Furthermore, the conditional distribution of ¢"™¢ given the history up to time k is
N (¢, 2y). Thus, normality enables us to concisely characterize the decision maker’s evolving beliefs after each
blended observation.

In applications where the information y, , is nonnormal, the simulation literature suggests using the method
of batch means (Kim and Nelson [35]), where multiple observations are collected for a single u, and averaged to
obtain an approximately normal output y,_,. Additionally, Gelman et al. [25] observes that a normal distribution
may be a good approximation for unimodal distributions, as long as the mean is not too close to the boundary
of the parameter space. Finally, (5)—(6) are equivalent to the update used in recursive least squares, where the
estimator is known to be asymptotically normal. We work with the normality assumption throughout this paper.

The primary technical focus of this paper is on developing strategies for choosing the measurement sequence
{u,} to efficiently guide the evolution of the uncertainty set, in a way that improves the solution to (3). A
policy 7, defined on the direct product of R” and the cone S’} of symmetric positive semidefinite matrices
of size n x n, determines the kth measurement vector u, = 7(c;, ;) dynamically based on the most current
information (by convention, quantities are indexed by k if they are known, or can be exactly computed, after &
measurements). Because (¢, ;) is a sufficient statistic for ug, y;, . . ., uy_y, ¥, it is enough to only consider ¢,
and 3, when computing u,, because the sigma-algebra generated by (¢, 2,) is the same as the sigma-algebra
generated by (¢, 2, Uy, V15 - - - » Us_1»> V). The theoretical optimal policy 7* is obtained by solving

supE" v, (Ck, 2x), (7

mell

where K is a fixed information budget (number of measurements), and where the supremum is taken over an
appropriate class I of measurement policies over K stages. By restricting II to the class of functions mapping
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(¢ps 24) to u, € B, we are optimizing over the set of all nonrandomized Markov policies defined in Bertsekas
and Shreve [7].

Problem (7) is an example of offline learning, where a finite period of exploration is followed by a single
implementation decision at time K. It is important to note that, in (7), the decision maker is risk-averse with
respect to the implementation decision (represented by v, ), but risk neutral with respect to the outcomes of the
measurements (represented by E™). The work by Ryzhov et al. [55] provides additional theoretical justification
for this model; essentially, risk aversion with respect to measurements leads to overly conservative policies that
do not learn enough about the problem. Furthermore, in many applications, the cost of a poor measurement
(obtained, e.g., from a computer simulation) is much less than the cost of a poor implementation in the field.

The state space for (7), corresponding to the set of all possible (¢, ), is continuous and high dimensional,
even for small n. This makes the optimal policy computationally intractable and motivates the development of
policies that are suboptimal for (7), but may be optimal with respect to other relevant and more tractable criteria.
In this paper, we study two such policies. First, we analytically derive a policy that optimizes the uncertainty
reduction in our beliefs about ¢™¢. We show that this policy chooses u to be a dominant eigenvector of the
posterior covariance matrix of ¢ at each time step. Second, we develop a policy that trades uncertainty reduction
against the performance of the robust solution in (3) by measuring the vector u, that optimizes the expected
improvement (Jones et al. [33]) criterion

Ko, Cs 2p) = [E{va(EkJrI’ Sit1) | U, Cp, Ek} — Ve (Chs 2p), ®)
u, € argmax K, (u, ¢, ;). 9)
ueB

The expectation in (8) is taken over the conditional distribution of y,,, given the information available at
time k, meaning that ¢™ ~ N(¢,, 2,). Thus the problem (9) anticipates (in expectation) the effect of the
next measurement u, on the solution to v,(Cy ., 2,,). This policy is optimal for (7) if K =1, and we also
demonstrate that, as K — oo, the same policy is guaranteed to obtain perfect information about each feasible
solution x € . We assume that the decision maker is able to identify a nonempty compact subset of %, where
the optimal solutions x for the possible ¢"™¢’s may lie; therefore, without loss of generality, this work assumes
& is a nonempty compact set wherever the assumption is convenient.

Equation (9) defines a nonconvex optimization problem, which is known to present computational difficul-
ties when the measurement space B is continuous. We address this issue by developing new, computationally
tractable convex relaxations that reformulate (9) as a semidefinite program. The stochastic dynamic programming
(SDP) can be applied even though (8) is not expressible in closed form. We then present numerical examples
demonstrating that this SDP relaxation has the potential to perform well under small information budgets K.

This paper makes the following contributions: (1) We provide a rigorous treatment of information collection
in risk-averse problems, which is novel from three perspectives. First, offline learning traditionally considers
risk-neutral rather than risk-averse implementation decisions; second, the literature has considered (Ryzhov and
Powell [54], Bubeck et al. [12]) learning in linear models, but not the technical challenge of learning in an SOCP;
third, robust optimization typically does not allow the decision maker to adjust the uncertainty set over time.
(2) We develop computationally tractable learning policies based on two criteria. The first policy is proved to
optimally reduce the uncertainty of our beliefs, whereas the second policy (based on the expected improvement
criterion) is proved to asymptotically obtain perfect information about every feasible solution to the SOCP.
(3) We provide a novel convex approximation of expected improvement, based on optimal quantization and SDP
relaxation, that can be applied when the criterion itself is not expressible in closed form. Whereas the tightness
of SDP relaxations, in general, is an open problem, we present one special case where it can be demonstrated.
(4) We incorporate the dimension of learning in linear regression (relevant in numerous applications) into the
learning model and proposed algorithms.

The paper is organized as follows. Section 2 discusses related work. Section 3 derives the robust objec-
tive (3) from the definition of uncertainty sets for c¢. Section 4 establishes properties of optimal solutions for
the measurement selection problem (9). Section 5 studies the measurement policy that maximizes the rate of
uncertainty reduction. Section 6 presents the main results of the paper on the optimization of (9). Section 7
discusses the asymptotic convergence of the expected improvement policy. Section 8 presents numerical work,
and §9 concludes.

2. Context and related work. This section provides additional context for our study. First, in §2.1, we

discuss applications that motivate our key modeling choices. Second, in §2.2, we discuss related theoretical and
methodological work from optimal learning.
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2.1. Motivating applications. Our model has three important distinguishing features: (1) an offline objec-
tive, where the information collection process is separated from the final implementation decision at time K;
(2) a risk-averse implementation decision, expressed as the solution to a SOCP; (3) blended observations, where
information takes the form of a linear combination of the unknown parameters, rather than a noisy observation
of an individual parameter. We now discuss two classes of applications where these features may be needed to
address key problem characteristics.

First, the model of a LP with random coefficients can be applied to characterize the optimal policy solving a
finite-state Markov decision process (MDP) (Puterman [46]), where randomness in ¢ corresponds to the situation
of a one-period reward function that is not perfectly known. Recent work that has specifically considered
MDPs with known transition probabilities, but unknown reward functions, includes (McMahan [37]), Xu and
Mannor [61], Regan and Boutilier [47]. Specific applications include problems in artificial intelligence McMahan
et al. [37], where the state is the position of a robotic agent, and the reward is based on the agent’s environment
(e.g., searching for an object or detecting a source of radiation).

Second, our model is applicable to problems involving learning in linear regression. For exam-
ple, Negoescu et al. [39] considers a problem in drug discovery in which there is a large number of possible
configurations for a molecule, but the value of a configuration can be modeled a linear combination of the
values at individual sites. A single laboratory experiment produces a scalar outcome for a chosen configuration,
which is then used to update our beliefs about the regression features using (5)—(6). A second example is the
recent work by Bertsimas et al. [10], which proposes a linear regression model for the effectiveness of a cancer
treatment using features such as the dosages of various component drugs. Robust optimization can be used to
create a treatment with a good worst-case outcome subject to linear constraints on the dosage levels.

Such applications exhibit a feedback loop between statistics and optimization: first, we learn the coefficients
of a regression model, and then optimize the regression features to be used in practice, based on the estimated
coefficients. Our model, studied in this paper, provides a way to integrate these two stages. In practice, data
from previous experiments (such as clinical trials) can be used to guide the design of new experiments, which,
in turn, will change our beliefs about the regression coefficients. We can now use (5)—(6) to update our beliefs
after every new observation, and we can also use (8)—(9) to guide the design of the next clinical trial. Thus,
our work has the potential to contribute to applications of analytics, where incoming data are used to guide
high-impact decisions with significant penalties for worst-case outcomes.

2.2. Literature review. The present paper builds on work in robust optimization (Ben-Tal et al. [5], Bertsimas
and Sim [9]), which has extensively studied LPs with uncertainty (Ben-Tal et al. [6]) as well as MDPs (Nilim
and Ghaoui [41], Iyengar [32], Regan and Boutilier [48]). See also Ruszczyriski [52] for recent work connecting
the robust solution and the uncertainty set to a risk measure chosen by the decision maker. Particularly relevant
to the present paper is Delage and Mannor [19], which derived an expression of the form (3) applied specifically
to MDPs. However, the notion that sequential information collection may change the uncertainty set over time,
thus also changing the robust solution, has received much less attention. To give an example, Equation (8) for
measurement selection in robust MDPs was previously stated in Delage and Mannor [18] for u € {e,, ..., ¢,};
however, the computational approach in this study was based on an approximation that did not take into account
the change of the optimal solution from argmax, v, (¢, %) to argmax, v, (¢’, 3'). See Appendix A for a more
detailed discussion of this approach.

Also relevant is the literature on statistical learning and sequential information collection, usually known in
different communities by the name of a particular problem. Examples include ranking and selection in simulation
(Kim and Nelson [34]), multiarmed bandits in applied probability (Gittins et al. [27]) and computer science (Auer
et al. [3]), and global optimization (Jones et al. [33]). This paper is closest to the simulation perspective (see
Chick [14] or Powell and Ryzhov [45] for a survey of Bayesian methods in simulation), in which the information
collection process (“ranking”) is usually separated from the final implementation decision (“selection”). This
literature typically considers the problem of learning the largest value in a finite set; by contrast, our model
is closer to Ryzhov and Powell [53, 54], where ranking and selection is generalized to include mathematical
programs with unknown parameters.

The multiarmed bandit literature has also considered similar problems from the point of view of online
learning, where the objective is to maximize a cumulative reward earned across all experiments, rather than
the value of a single final implementation. Recent work in this area has considered problem variants that allow
information blending (Russo and Van Roy [51], Dani et al. [17]), as well as risk-averse performance measures
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(Bubeck et al. [12]). However, the offline setting considered in this paper has substantial structural differences
from the bandit setting: for example, an index policy is optimal for an online problem (Gittins et al. [27]),
but not an offline problem. Furthermore, although we model information as a linear function of u, the problem
that we are learning about is no longer linear, but rather is a SOCP obtained by transforming the robust
optimization problem. In the language of this community, our problem can be described as “offline SOCP with
linear feedback.”

We first study a policy that optimizes the reduction achieved by each measurement. This approach is along
the lines of active learning in statistics (Cohn et al. [16]), where the objective is to minimize uncertainty, with
no regard for the economic value of a set of estimates. The second policy proposed in our paper is based on the
expected improvement criterion, previously developed by Jones et al. [33] for global optimization and Gupta and
Miescke [31] for ranking and selection. This approach provides an economic valuation of information in terms
of the average improvement contributed by a single measurement to the optimal value of (3). This computation
balances the expected value of the current solution to (3) against the decision maker’s uncertainty about that
solution (and therefore the potential to improve it).

In the simulation literature, the decision maker is almost always assumed to be risk neutral (Chick and
Gans [15]), and the expected improvement criterion is defined in terms of the risk-neutral problem, given by (3)
with o = 0. Recently, however, there has been some interest in integrating concepts of risk aversion and robust
optimization into simulation optimization (Waeber et al. [60], Dellino et al. [20]). To our knowledge, the work
by Ryzhov et al. [55] is the first to formally link ranking and selection with robust optimization, using a model
that is risk-neutral with respect to information, but risk averse with respect to implementation. The present
paper also adopts this approach, and the formulation in (3) covers risk neutral (a = 0) and risk averse (a > 0)
implementation decisions.

3. Robust optimization criterion. In statistics, confidence intervals can describe uncertain scalar param-
eters. The intervals are often mean centered, although nonsymmetric choices are possible. The width of the
interval is chosen to achieve a given confidence level 1 — €. For ¢ ~ N(¢, 3) with 3 positive definite (3 > 0),
we consider for some « > 0 the confidence ellipsoid

€={ceR" (c—¢)'S'(c—¢) =’} (10)

Choosing a* = =F, 1(1 €), where F >1(+) is the inverse cumulative distribution function (cdf) of the chi-square
distribution w1th n degrees of freedom ensures that ¢ € € with probability 1 — €.

By selecting € as the uncertainty set for c, tractable robust optimization programs can be obtained. Some
proofs, here and throughout the paper, are omitted for space considerations, but can be found in Appendix B.

LEMMA 1. With ¥ = {x € R": Ax =b,x > 0} and € given by (10), the problem max ., min;., ¢'x is
equivalent to max ., {¢c"x — av/xT3x}.

If % is only positive semidefinite (2 > 0 but X  0), we consider the confidence ellipsoid

%:{C:QOQS—E+Q+C+€RnI C+€(€+}

(1)
€, ={c, R (¢, — Q&) T3] (¢, — 0T0) <a?},
where 0, € R™” and Q, € R™"~?) come from the singular value decomposition (svd)
T 2+ 0 T

3, being the diagonal matrix containing the p positive singular values of X.

LEMMA 2. With % = {x € R": Ax = b,x = 0} and € given by (11), the problem max, ., min, .z ¢’ x is
equivalent to max ., {C"x — av/xT2x}.

Recall that we have adopted a Bayesian approach to the estimation of ¢"™¢. We assume that the belief
about ¢™¢, expressed by c™® ~ N (X, ), is correct. It follows that for any x € %, the belief on the quantity
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xTc™e is expressed by x"c¢™ ~ N (x¢, x"2x). In particular, for a solution X to max, ., {¢'x — av/xT2x}, the

belief on the quantlty X' ™ is expressed by x'c¢™ ~ N (X'¢, X" 2x). Now, by definition of v, (¢, X)), we have

v,(¢,2)=X"C— av/x'2x, whence
P{x"c"™ >v,(c,3)} =P{x"c¢™ >x"¢ — av i 3x}
}ETCtrue —)ETE
=P —— > —a; =P(a),
{ SIS } (@

where @ is the cdf of N(0, 1). Thus, if we want to ensure with conﬁdence 1 — € that X" c™ > v,(c, 3), we can
choose @ = ®~!(1 — €), which is less conservative than the choice o’ = =F, 1(1 —€).
Finally, let us mention that (3) can be solved as a quadratic program Wlth quadratic constraints (QCQP).

LEMMA 3. If 3 >0, a dual formulation to (3) is

v,(¢,3)=minb'z subject to c€ €, A'z>c,
¢,z

using € given by (10). Otherwise, using € given by (11),

0,(¢,2)=minb"z  subjecttoc, €€,, A'z>Q,0,C+ Q. c,.
i,z
PROOF. A dual problem to max, ., ¢'x —a~/x" 2x or equivalently max, ., min ., ¢’ x is min ., max, ., ¢' x,
relying on the fact that % and ‘€ are nonempty compact convex sets. The dual to max ., ¢'x is min . b'z for
% ={R™: ATz > ¢}, hence the overall problem. The version with ‘€ can be established similarly. O

4. Structural properties for optimal measurements. Convex functions have their supremum on the bound-
ary of their effective domain (Rockafellar [49]). A similar result holds for the nonconvex function KK, (-, ¢, X).
Any proofs omitted from this section can be found in Appendix B.

THEOREM 1. Let U be an arbitrary nonempty closed-convex bounded set. Let dU denote the boundary of U.
We have

max K, (u, ¢,3) =max K, (u, ¢, 3).
ueU uedU

If we now restrict ourselves to the case where % is the L? ball B, Theorem 1 indicates that we should seek
solutions u on the L? sphere dB = {u € R": |lu|| = 1}.
It will be convenient to rewrite the objective (8) as

K, (u,¢,3) =Efv,(¢+13d,,3) |u, ¢, 3} —v,(c, 2), (13)
where t ~ N (0, 1) and where we have introduced the vector
d=——"2 (14)

Jul2u+o?

In the special case |ul| =1, we have u"Su+ 02 =u' (2 + 021,)u, where I, denotes the identity matrix in R"*".
This leads us to define

P=34+ len (15)

The matrix P is positive definite and thus invertible.
In the risk-neutral case (@ =0), we can go further in the characterization of optimal solutions.

THEOREM 2. Assume the risk-neutral case (a« =0). Then, either any u € B is optimal for max, g I, (u, ¢, 3),
or the solutions u* optimal for max, g K, (u, ¢, X) satisfy

. P 'S E{1k(r)} rSut \'
" e{inPlz[E{zm)}n}’ x(t)ear%éﬁaX(” ||P1/2u*||> x

where the expectation is taken over t ~ N (0, 1), and where without loss of generality, the vector-valued function
x(-) is piecewise constant on R with a finite number of pieces.
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CoOROLLARY 1 (NORM-MAXIMIZATION REFORMULATION). In the risk-neutral case (« =0), we have

maxlo(u, ¢, %) = max NELE (O} +PTEEfx(D}HI} - v (E, 2), (16)

where u is recovered from an optimal x*(-) by u* = P7'SE {tx*()}/|P7'SE, {tx*(2)}|.

Theorem 2 and its corollary concern the case a =0 only. They will not be used in the rest of the paper.
However, the structure of the problem (16) makes it easier to establish a complexity result.

PrOPOSITION 1 (NP-COMPLETENESS). The decision problem associated with (8) with a discretized expecta-
tion is NP-complete.

ProOF. For establishing a complexity result, without loss of generality, we can set « =0, ¢ =0, % =1,, and
consider max, g I, (u, 0,1,). From (16), we obtain max ., ez (14 5)~"*| E{tx(r)}||, which is equivalent to
max, . [|z]| with Z={z e R": z=E{rx(#)}, x(¢) € &}. By discretizing the random variable ¢ into N samples ¢;,
we obtain a set Z" in R”, which is the projection of a polyhedral set in R"™*1_ where each x(¢,) can be assumed
to be a vertex of %. In that case, Z" is polyhedral. The decision problem associated to the maximization of the
L? norm of a vector over a polyhedral set is known to be NP-complete (Mangasarian and Shiau [36]). O

Proposition 1 indicates that we should not expect to develop exact solution algorithms for our problem. Rather
it emphasizes the need for good approximations.

5. Optimal uncertainty reduction. Consider the sequential measurement setting, where measurements are
taken iteratively. For a given sequence {u;: k > 0} of measurements, let %, =2 € S’, be the initial covariance
matrix, and consider the matrix sequence {3,: k > 0} defined from (6) by

Sin =3 — S S/ (] Spu + o).

Independently of the objective (9) based on the expected value of information from the next measurement, a
direct approach for reducing the uncertainty is to acquire information on ¢™° by making measurements u, such
that X, provably tends to the zero matrix. By the degeneracy of the posterior distribution of ¢ ~ N (¢, 2,),
Doob’s consistency theorem (Doob [23]) implies that the sequence of updated means ¢, tends to ¢™ in L.

This section studies such a method, and shows that it achieves a rate of convergence, which is optimal in a
certain sense. Namely, we consider u, taken as a dominant eigenvector of 2,:

Uy € Emax(zk)’ (17)

using the following notations defined for any symmetric matrix S € R"*":

o A, (S)=max{A € R: Su= Au, u"u=1}: largest eigenvalue of S;

o E,..(S)={uecR" Su=2A,,,(S)u, u"u=1}: the set of normalized eigenvectors in the eigenspace associ-
ated to A, (S), excluding the zero vector.

For any € > 0, we can ensure that trace >, < € after a certain number of measurements, made precise by the
following lemma.

LEMMA 4. Let Ay, ..., A, be the eigenvalues of 3, with repetition according to eigenvalue multiplicity. Fix
€ > 0. Then, the matrix sequence {2,;: k > 0} associated with u, given by (17) satisfies trace X, < € for any
k>ky=>"log(n/€)/log(1/s;), where s;=[1—A,/(A\;+02)] fori=1,...,n

PrOOF. By the eigenvalue decomposition of 3, € S”, we have 3, = Y" | Ajuyuj, where A > Ay >
-+ > A, >0, and where wujuy =1 if i = j, uju, =0 if i # j. Taking u, = uy; in the update equation gives
S = S — At/ A+ 02)) = A (1= Ay /(A +07) Yy i+ 37, Ay gy . Therefore, iterations leave
the original eigenvectors unchanged.

If the noise variance o2 = 0, the covariance would become the zero matrix after at most n iterations (exactly
n iterations if the matrix is full rank). With U,i > 0, we evaluate the number of iterations needed to have
trace(2;) < € as follows. For each i, let s, =1 — A,y/(A,g + 02). Define k; = inf{k € N: sf < €/n}, that is,
k; = [log(e/n)/log(s;)]. Since each iteration shrinks the current largest eigenvalue, we are guaranteed to have
Ay < €/n for each i after k, =) !, k; iterations. This implies trace>, =Y A <e. O

Ay
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COROLLARY 2. The matrix sequence {3,: k > 0} associated to u, € E,,,.(3,) converges to the zero matrix

(in the metric space of the Frobenius norm).
PROOF.  [[Z|lr = (X1, Z;:I z,ij)l/z = (CL )" < X [l = X0 Ay = trace(Z), so trace() < €
implies | 2]l <e. O

max

Taking new measurements at iterations k + 1,k + 2,..., can never increase the uncertainty, in the sense
that trace(3,) < trace(3,) for [ > k. This will hold true for any measurement policy, say, 7, that maps an
information state (¢, >,) to some measurement u,. Now, suppose 7 has some interesting properties, but is
not asymptotically consistent. By alternating measurements selected by 7 and measurements selected by the
trace-minimization policy, one can synthetize a new policy, which is asymptotically consistent. This observation
is summarized in the following corollary.

COROLLARY 3. Let m: R" x S', > R" denote a measurement policy with values u, = w(c;, %), where k is
the iteration counter. Let k be an integer greater or equal to 2. Let w°: R" x ', x N> R" be a new measurement
policy defined by 7 (¢,, 2, k) = w(¢,, 2,) if mod(k, k) # Kk — 1, (¢, 2y, k) € E (21) if mod(k, k) =k — 1.
Then, the policy 7" is asymptotically consistent in the sense that trace 3, < € for any k > kk,, where k is given
by Lemma 4.

PrOOF. The result follows from the definition of 7*. [
The following result shows that the rate of convergence cannot be improved.

THEOREM 3. All the measurement sequences defined by u, € E,,.(2,) achieve the optimal rate of conver-
gence of {trace(X,): k >0} to 0, among the sequences such that ||u|| < 1.

Proor. The rate of convergence is maximized if we minimize the trace of %, ,, given X,. To see why this
is true, consider a sequence of M measurements u,, . . . , u;_y_,. Observe that 3, ,, given 3, is invariant under
permutations of the measurements. This can be seen from the M rank-one updates of the precision matrix:
[Seon] ' =207+ 20, wu] /o?. Therefore, we don’t have to consider postponing a measurement that brings
the largest trace reduction, when we jointly optimize over the sequence of measurements.

Writing 3/ for X, and 3 for X, we consider

it s Suu'y trace(3) u'33u
min trace{ % — —— ) =trace(X) — max ———.
u:fluf=1 u'>u+o? wlul=1 uT Pu

The solution to the maximization problem in the second term is obtained by considering the generalized eigen-
value problem X?u = APu and taking the vector u associated to the dominant generalized eigenvalue A. Since P is
nonsingular, the generalized eigenvalue problem is equivalent to the standard eigenvalue problem P~'3%u = Au.
Therefore, the sequence defined by u, € E,,,, (2, +1,02)"'2?) maximizes the rate of convergence of trace(X,)
to 0.

We will now prove that E,, (P~'3%) = E,.(3), allowing us to conclude that u, € E,,,(3,;) is also optimal.
To do that, we use the eigenvalue decomposition 3 = QDQT, where D is diagonal with elements D, = A; such
that A, > A, >---> A, >0, and Q =|[gq,...q,] is the matrix of eigenvectors such that Q"0 =1, = QQ". By
the Rayleigh quotient representation, u, € E,,,(P~'3?) iff u, € argmax,, Jul=1 u" P~'32u. Now, we have

argmaxu' (3 +1,02)"'Su

u: ||ul|=1

=argmaxu' (Q(D+1,02)0") 'OD*Q " u=argmaxu' Q(D+1,02) 'D*Q"u

u: ||lul|=1 u: |lul|=1
n 262 n
=argmax0' (D +1,0.) 'D*0 =argmax y )\’—’2 =argmax y_ v,07,
6: l6]=1 olol=1 = At O, efel=1 =

where we have used the change of variable § = Q" u and defined v, = A7/(A; + 0,). We have v, =v; iff A, = A,.
The ordering of the A,’s implies v, > v, >---> v, > 0. If v, > v,, the optimal solution 6* is the unit vector e,,
o ut = Q0 =Qe, =q,. If v,=---=v, >v,,,, we have 0* € {¥*  wie,: Y, w, =1, w; >0}, and thus

w e {3 woq: Y5, w; =1, w, >0}, showing that the principal eigenspaces of 3 and P~'3? coincide. [

Note that the condition 3, — 0 is sufficient but not necessary for the convergence of x, to a maximizer of the
true problem (1). To see that, imagine that some coefficient c; plays no role in the optimization problem, because
of a constraint x; = 0. Say that c; is statistically independent of the other coefficients, and has a prior with an
arbitrarily large variance. A sequential measurement algorithm defined by (17) will dedicate many measurements
to the reduction of uncertainty on oy However, with a« = 0, we should never measure ¢; since updates of Ej
never improve the objective.

Ay
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6. Optimal expected improvement. We now come back to the problem of solving (9) as a stochastic
program. A prerequisite is the construction of a finite approximation to the expectation in (8). To do that,
consider

o O(t) = (2m) V2 exp{—1?/2}: pdf of N (0, 1);

o ®(t)=['_ ¢(r)dt": cdf of (0, 1);

e asequence —oo =:ify <l <l <. <[y <Iy, :=-+00;

(ti+ti41)/2
[( (t—1)d(r)dt =0, 1<i<N. (18)

ti1+t)/2

The relation (18) expresses a stationary property satisfied by the optimal solution to the quantization problem
(Graf and Luschgy [28]),

Dy = inf E{[lr—gq(n)[*}, 1~ N (0,1),
qely

where @, denotes the class of measurable functions g: R +— R with at most N values ¢,...,f,. Because
N (0, 1) is one dimensional and strongly unimodal, the points #; are uniquely determined by (18) (Graf and
Luschgy [28, Theorem 1.5.1]). The points can be computed by methods described in Pages and Printems [42].

o {piticiey With p, = ®((t; +1,.,)/2) — ®((t;_, + t;)/2). For a function f that is Lipschitz continuous
modulus L,

E{f ()} =2 pif ()| < LE{llr —q()|1}.

i=1

For a convex function f, we have (Pages and Printems [42]),

N
d_pif (1) <E{f(n)}. (19)
i=1

Using the optimal N-quantization of (0, 1), we then define

N
KY (1,2.8) = Y piog (@ + 1,34, 3) — v, (2. ). (20)

i=1
The following result relates this approximation to the exact expected improvement.
LEMMA 5. Forall N, Kg(u, ¢, 2) <K, (u,c,3).

Proor. For each fixed (x, ), the function ¢'x — a+/xT2x is linear in ¢ and thus convex in ¢. The max-
imum over an infinite family of convex functions indexed by x is convex, thus v,(¢, X)) is convex in ¢. Since
composition with linear functions preserves convexity, v,(¢ + t3d,, ) is convex in ¢. The inequality of the
lemma follows from (19). O

Finally, noting that to each v,(¢ + t,3d,, %), i =1,...,N, is associated a program with decision vec-
tor x; €R", and using the update formula for the inverse covariance matrix [3']7' = 37! 4+ uu' /0?2, we
expand (20) as

N
KY(u,é, %)= max {Zpi[(é—i—tiEdu)Txi —a\/xiT(E’l +uu'Joy) " x| = v,(C, E)} (21
x€ e

X, xyed |
In max, K¥ (u, ¢, 2), the term —v, (¢, X) is constant with u, so one can omit it.

6.1. The case N =1. We first study the maximization of [Kg (-,¢, ) with N =1, where N (0, 1) is reduced
to a single mass point. In that case, {, =0 and p, =1 in (21), and we obtain the problem

ETx—a\/xT(E’l —l—uuT/Uj)’lx}. (22)

max {
u: |lul|<1, x: Ax=b, x>0

To get some insights on the nature of (22), suppose momentarily that we are given an optimal solution x for (22),
say, x. Then, a corresponding optimal u is given by

T T~ ==T
ue argmax{ET)E - a\/)?T<E— M)i} = arg max i 25% 2u

T 2 T 2"
u 2M—i_o-w u:llul=1 u 2M_‘_a-w

u: [lull=1

Ay
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This is formally equivalent to the problem solved for establishing Proposition 10 and presented in Appendix A.2,
so we immediately obtain & = P~'3x/||P~'2x||. The maximization of K¥(-, ¢, 3) with N =1 is thus closely
related to the fixed-decision approximation used in Appendix A2, except that the reference solution x = x is
now optimal for the problem with the current ¢ and the updated covariance matrix %', which depends on u.

PROPOSITION 2. With a > 0, the problem (22) is equivalent to the following program over x € R", s € R,
and the symmetric matrix W € R"™":

maximize ¢'x — as

subject to Ax=b, x>0,

.
|:s * i|30, trace(W) =s/0

x osSlaw <, rank(W)=1,

where u corresponds to a normalized dominant eigenvector of W provided %x # 0.

PrOOF. The constraint rank(W) = 1 implies that W = Auu' for some A € R, with u corresponding to the
unique normalized eigenvector of W. Since trace(W) = A, the condition trace(W) = s/ implies A = s/o?2 and
thus W =suu'/ 0'3}. By substitution into the SDP constraint, we have

s ox'
>0
x sCE'+uu"/o?)
By the Schur complement formula, this constraint means that either s = 0 (and thus x = 0), or s > 0 and
s—x" ([ +uu/o2])'x >0, that is, s > \/xT (2! +uuT /o2)~'x. The objective with a > 0 ensures that s
is made small, so at optimality, we get s =/xT (3~ +uu’/o2)'x. O

Proposition 2 suggests the use of a classical convexification technique where the rank-one constraint is relaxed
(Shor [57]), and then a solution u with ||u|| = 1 is recovered by extracting the dominant eigenvector of W. When
the rank-one constraint is relaxed, we must add the constraint W > 0, which is no longer implied by the other
constraints. Hence, a first approximate solution scheme:

1. Solve the semidefinite program

maximize ¢'x—as
s ox"
x s2'4+w

(23)

subject to Ax=5b, x>0, [ :|zO, trace(W) =s/c2, W > 0.

2. Return for u the normalized dominant eigenvector of W.
Step 2 is justified by the fact that the best rank-one approximation to W (in the Frobenius norm metric) is the
matrix X = A, (W)uu'. If W has rank one, then A, (W) = trace(W) =s/0?2.

In general, already with a single linear constraint a'x = b, a semidefinite programming relaxation can be
arbitrarily bad (Nesterov et al. [40, §13.2.4]). In this specific case, we can establish tightness. First, we state a
technical lemma, proved in Appendix B. We then prove the main result.

LEMMA 6. For an arbitrary nonzero X € R" and for any 37!, G > 0, the minimum of the semidefinite program
minimize ¥ (7' 4+ U)"'x
subject to trace(GU)=1, U =0
is attained by the rank-one solution
B GG +3 ) xx (G +3 DG
XTG4+ 2D IG (G T+ 27 x

PrOPOSITION 3. The relaxation (23) is tight.

*

Proor. If we set W =sU /o2

w?

assuming that s > 0, the problem (23) becomes
maximize ¢' x — as subject to Ax=5b, x>0, s*>x"(2'+U) 'x, trace(U)=1, U>0.

For any fixed x, the best value of the objective is obtained by minimizing s, which, in turn, leads to the
minimization of f (U)=x"(27!+ U)~'x subject to trace(U) =1 and U > 0. By Lemma 6, the minimum of
f:(U) is attained by a rank-one matrix U, so there also exists an optimal rank-one matrix W = sU/o2. When
s =0, we have W =0 from trace(W) =0/02 and W = 0. O

Ay
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We have thus established that there exists an optimal solution to (23), where W has rank one. We also observe
a preference for the rank-one solution. To see this, let v € R" with elements v, > --- > v, > 0 denote the vector

n

of sorted eigenvalues of W. We have trace(W) =>" v, = > " |y, = |v|,. Since L' norm regularization
induces sparsity in the solution, one can see that the constraint trace(W) = s/, combined with the fact that
s is minimized in the objective, has a beneficial effect on the formulation: it induces zero eigenvalues in W,
and thus rank reduction. Nuclear norm minimization, or trace minimization in the special case of positive
semidefinite matrices, is a convex technique for inducing low-rank solutions (Fazel et al. [24]); in our case, the
trace-minimization effect is a by-product of the original objective.

Another solution approach to (22) is also possible, which directly exploits the structure of the optimal solution
for u.

PROPOSITION 4. Define C such that CTC = P~'3, where as usual P = (021, +3). Then, an optimal solution

wn

(x*, u*) to the problem (22) can be obtained by solving the following conic program over (x,s) € R" x R,
maximize ¢'x — as
subject to Ax=b, x>0, (24)
ICx]| < o',
then setting u* = P~'3x* /|| P~'Zx*|.

ProoF. Explained at the beginning of this section, the vector i = P~!'3x/||[P~!2x|| is optimal given X. This
means that at optimality,

—I5 2Ty p-1
3 =iT[E‘+ﬁaT/a,i]1i=iT[z— P SXE AP 2}-

spppist |
(P e
ISP ISt

where we have defined C such that CTC := P~'3. The subproblem for optimizing x follows immediately. [

=x'3% =3 (E-3P'i=i"(e2P')i=0?|Cx|?

6.2. The case N > 1, «a =0. When N > 1, the problem takes into account the update of ¢ to ¢’, which
depends on ¢ and u. The following lemma is instrumental for dealing with the nonlinear dependence of d, on
u, as defined in (14). From Theorem 1, we know we can restrict our attention to measurements u with |u| = 1.

LeEmMA 7. The nonconvex set

Dz{dzéz ||u||=1,ueR"} (25)

VuTSuta}
admits the alternative representations
D:{d/:P‘l/zu/: ||u’||:l,u/e|R”}, (20)
D ={d"eR": trace(Pd"d"") =1}. (27)
The following lemma will be useful to strengthen the relaxations.

LEMMA 8. Assume ¥ = {x € R": Ax =b, x > 0} is bounded and not reduced to {0}. Fix v € R" with v, >0
for each i, and define y, =sup,., v' x. Then, the following relation holds true for any x € ¥:

xx' < 7, Diag(x) Diag(v)~",

where Diag(z) denotes the diagonal matrix with elements z,.

ProoF. Since x > 0 and % # {0}, y, > 0. Since ¥ is bounded, y, < co. A lemma established in Zheng
et al. [62] shows that, for any x € %, diag(v)xx" diag(v) < ¥, diag(v) diag(x). Recall that S > 0 iff PSPT >0,
where P can be any invertible matrix. Applying this rule to the inequality with P = diag{r}~! establishes the
result. [

We have now the necessary ingredients for proposing a solution scheme to (9), first, in the case @ =0. As
usual, P =3+ oL,

Ay
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1. Choose a quantization {p;, ;}¥_, of t ~ N (0, 1).
Construct the symmetric matrices

crljor
0 tiE ER(2"+1)X(2n+1), 1515]\]

12| 0

C:%

l

(=] K k=)

2. Generate a set of vectors {v,}),, v, > 0, and evaluate
¥, = max v, x.
xXe¥

3. Solve the following SDP over the symmetric optimization matrices ¥ € R"*" and

VARVARVAL Lx"|d"
7. = Zfrl ZXx Z:vd = | x.|z= ZJ-Vd e|R(2n+1)><(2n+l) 1<i<N:
i i i i i~ i s ST UV,
ZavZavZ 4z
N

maximize »_ p, trace(C;Z;)

i=1
subject to Vi: Z; >0,
zZh =1, AZ!'=b, Z7'>0,
AZFAT =bb", (Z],,
Z;* < ¥, Diag(2;") Diag(v) ™" V1,
Zdd =y,
trace(PY) = 1.

>0 Vgq,r,

4. Return for u the eigenvector associated to the largest eigenvalue of Y.
The scheme is based on the relation

0 ¢ o rtIrt]’
(c+t3d) x;=Ltmace[ | ¢ 0 3 ||x||x ,
03 0 ||dl||d
where we define
I 1 x. L ]
l VuTZu+o?
.
) 17 ] ™
= | x X = X; X;X; N
T JuTSu+a?
u ux; uu’
| JuSu+02 JuSu+o2 u'Zutoy

which is semidefinite positive and has rank 1.

The constraints Ax =b and x > 0 imply Ax,x] A" =bb" (linear equality between matrices) and [x,x,],, >0
for 1 < g, r < n (nonnegativity of the matrix x,x;). In terms of the matrix Z;, we write AZ*AT = bb" and
[Z;*],, = 0. The constraint trace(Z;*AA™) =b"b would be of no use here because it is implied by AZ*AT =
bb", so we use Lemma 8 to further control Z* by the constraint Z** < y,Diag(Z;') Diag(v,)~". A single
inequality suffices since we impose Z}' € %, which is bounded by assumption. Introducing additional valid
inequalities can strengthen the relaxation but can also increase the rank of the solution Y, since the minimal
rank solution is affected by the number of constraints (Pataki [43], Barvinok [4]).

We introduce the variable Y = MMT/(MTEM + 0'5)) to write the constraints Z! =Y = Z’;“, 1<i, j<N.From
Theorem 1, we want ||u|| = 1. From Lemma 7, this is possible by imposing trace(PY) =1 and rank(Y) = 1. All
the rank-one constraints are then relaxed. We obtain our approximation of the optimal u through the normalized

L
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eigenvector associated to the largest eigenvalue of Y, since we have Yu = (u"u/u' Pu)u = Au with A = u" Pu
when Y follows its rank-one definition.

When the feasible set & can be expressed in terms of the squares of the coordinates of x, then this rep-
resentation should be used to create constraints on Z;*. For example, box constraints {0 < [x]; < [b];} imply
{0 < [x]; < [p]7} and thus diag(Z;*) < diag(b). Binary constraints with value +1 would imply diag(Z*) = 1.

It is also insightful to state the problem as a general nonconvex QCQP. Recalling Corollary 1 and discretizing
the expectation, one would obtain

N
maximize ¢' (Z p,—xi) +1
i=1

N
subject to z=)_ p;1;x;,

i=1
' —7'0z<0, t>0,
Ax;=b, x>0, 1<i<N,

where Q = 2 P~'S > 0 makes the quadratic constraint utterly nonconvex. The constraint ¢ > 0 is redundant given
the objective function. A corresponding optimal u* is given by u* = P~'3z*/||P~'3z%|.

6.3. General case: N > 1,a > 0. The solution scheme for the general case combines the techniques used
in the two preceding cases:
1. Choose a quantization {p;, #;}}, of t ~ N (0, 1).

Define the symmetric matrices

0 ¢ o7
Ci=1lc 0 13 |eR@HIx@HD | <j<N,
0 = 0

2. Generate a set of vectors {v,}, v, > 0, and evaluate y, = max, ., v, x.
3. Solve the following SDP over u € R", s5; € R, and the symmetric matrices ¥, W, € R"*", and

Zi” Zilx Zild 1 xiT dT
Zi — Z;Cl Zlgcx Z;cd =\ x Z;cx Z;Cd c R(2n+1)><(2n+1)’ 1 < i < N:
zh oz z d zZ& Y
N

maximize ) _ p,[trace(C,Z;) — as;]

i=1
subject to trace(PY) =1,
Vi: Z, >0,

trace(W,) =5,/ 02,

[ s, zZM

z 0’
| Z s2T W,
(W, w

>0,

w1
Yy w

i O’
| w!  trace(PW,)

zZh=1, AZ!' =b, Z'>=0,
AZFAT=bb", [ZF],>0Vaq,r,
Z#* < 7, Diag(2{") Diag(v)™" V1,
ZM=vy.

1

L
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4. Return for u the eigenvector associated to the largest eigenvalue of Y.

In the SDP, using |[u|]| = 1, we define ¥ = dd" = uu"/u" Pu = uu" / trace(Puu"). We have trace(PY) =
trace(u' Pu/u’ Pu) = 1. For each i, we define s; > 0 and w,w,; = W, = s,uu’ /2. We have trace(W,) =s;/0?2.
Assuming s; > 0, we have uu' = o2W,/s;, so we can rewrite ¥ as

o Wi/s; wiw,
~ trace(Po2W,/s;)  trace(PW,)’

We relax the definitions of W; and Y to W, > w,w; and Y > w,w; /trace(PW,), which can be expressed using a
Schur complement logic by the constraints

‘/Vi w; >0 Y w; >0
w1 | = w  trace(PW,) | =

1 l

The rest of the construction of the program follows the logic of §§6.1 and 6.2.

7. Convergence. In this section, we show a form of asymptotic convergence for the expected improvement
policy. The main result is that the quantity I, (u, ¢,, ;) converges to zero for all points u on the L? sphere.
We also show that, as a consequence, we have xTEkx — 0 for all x € %, which means that the objective value
x '™ of every feasible implementation decision x is learned perfectly (with zero variance) in the limit. Unlike
the policy studied in §5, this does not necessarily mean that the posterior covariance %, converges to zero under
the expected improvement policy; rather, it means that we obtain perfect information about every decision of
interest.

We assume that & is bounded and the risk-aversion parameter o > 0. We also require one simplifying technical
assumption for Propositions 8 and 9: we assume that our prior covariance matrix is given by 3, = BI, for
some constant 3 > 0. A consequence of this assumption is that u”S,u = B for all u on the L?> sphere. The
assumption can be a reasonable choice for some applications of recursive least squares; for example, Powell [44]
recommends using this initialization in MDPs with basis function approximations.

We begin by showing that the expected improvement in the direction u# is bounded above by a function of
the maximum variance reduction possible by measuring u.

PrOPOSITION 5. For any u,

2
K, (u,c,3) < <a+ —) max |x' 3d, |,
(0.2%) = (@t = ) max|x"x,

where d, = u/\/u'Zu+ 2.

PrROOF. We write

K,(u,c,2) = [E{mz}}( ¢lx—a/xTSx+ thEdu} —v,(¢,3)
xe¥

< 0, (8, 3) — v, (G, 3) + E[ma; thzdu}.

Now, observe that

v, (¢, %) —v,(¢,2) < max a(vxT3x —vxT3x)
max ayxT (2 —3)x

=maxalx'2d,|.
xex

IA

Furthermore,

E{maxtx'3d,{ = E{maxtl,.qx'3d,t +Eimaxtl,_gx 2d,
p i e {r=0} i e {r<0}

xXe¥

T : T
= (Ilza}(x Edl{> E{tl{lzo}}+(1;rllel{£x Edu) [E{t1{1<0}}

1 . .
E(maxx Edu—rxrgglx Edu)

xe¥

IA
8
o8
il
=
™M
QU

which completes the proof. [J
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By the Cauchy-Schwarz inequality, it follows that, if {¢,, 3,} is a sequence satisfying u'3,u — 0, we also
have K, (u, ¢, %;) — 0. If the variance of our beliefs about u decreases to zero (for example, if we measure
u infinitely often), the expected improvement in this direction also vanishes. Our next result is related to the
converse of this statement.

PROPOSITION 6. Let u be a point on the L* sphere with K (u, ¢, %) =0. Then, x' 2u=0 for all x € %.

Proof. The function k(1) = v,(c+12d,, %') is a maximum of linear functions of 7, and therefore is convex.
Thus, by Jensen’s inequality,
Evy(c+12d,,3) Z v,(c, X).

Letting X = argmax, ., {¢'x — av/x' 2x}, we have

v

¢'X—ayVxTYx

v,(¢,2),

V(¢ X)

v

since the variance of our beliefs about any x is always decreasing after each measurement.
However, since we assume that <, (u, ¢, 3) =0, all of the above inequalities must hold with equality. Conse-
quently, it follows that X"2u=0. For this reason,

CTX—a/ITYE+1x'3d, =¢"x —aV X 2k =1,(¢,3)

almost surely. We can then write

v (¢ +12d,,3) = max{v, (¢ +13d,, %), v, (¢, 3)}.
Since the expected improvement is zero, it follows that

[E{max{va(f +13d,,3),v,(c,2)} —v,(c, E)} =0.
However, the random variable inside the expectation is a.s. positive, whence

max{v, (¢ +13d,,3),v,(¢, 2)} =v,(c, 2)
and
cTx—ayxTSx+1tx'3d, <v,(¢,3),

almost surely, for all x € %. However, since ¢ can take on any real value, this is only possible if x" %u =0 for
every xe ¥. [

From Propositions 5 and 6, it follows that I, («, ¢, %) = 0 if and only if " 3x = 0 for all x € %. In particular,
if x € %, we have zero expected improvement along x/||x|| if and only if x" =x = 0. Our next result connects
this limiting case to the asymptotic behavior of the expected improvement.

PROPOSITION 7.  For fixed u, the expected improvement K (u, ¢, ) is continuous in ¢ and 3.

PrOOF. We first address continuity in ¢. Observe that, for any fixed ¢, v, (¢ + t3d,, ') is convex in c,
because it is a maximum of linear (and thus convex) functions of ¢. Taking expectations preserves convexity, so
KK, (u, ¢, ) is convex in ¢. However, convex functions are continuous in the interior of their domain, which, in
the case of ¢, is all of R".

Next, we address continuity in 2. Let {3,} be a sequence of positive semidefinite matrices that converges
componentwise to a positive semidefinite matrix X_. Let + ~ A'(0,1) and define random variables T, =
Vo(u, ¢ +13,d,,3}) for k=1,2,... and k = co. We show that 7, — T, in L' by writing

TE TE
E|7, — T, | < Emax a(\/xTE;,X—\/xTELx)—i-t( X' T x'S.u )‘
xex \/0-3)4_”7'2](” \/0',,%+MTEOOM
x"Zu xS u

IA

am%g(\/xT(E;o — 2 )x + (E|f]) max

XeX

Voi+uTSu - Voi+u S u

For any & > 0 and large enough k, we will have E |T, — T,.| < (a + E |t])&, completing the proof. [
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This result has two consequences. First, I, (u, ¢;, 2;) always has a limit for any u. This occurs because, for
any sequence of measurements, we can write ¢, = E(c™ | F,) and 3, = E(c™(c™)" | F,) — ¢,(¢,)", where
¥, is the sigma-algebra generated by the first k measurements and their outcomes. Therefore, by martingale
convergence theory, ¢, and 3, have a.s. limits.

The second main consequence is that K, (u, ¢,, 2,) — 0 if and only if u" Sx — 0 for all x € %. This follows
from Propositions 5, 6, and 7.

Our next objective is to show that the posterior variance of our beliefs converges to zero for vectors that are
accumulation points of the sequence of measurements. This is done in the following two propositions, which
rely on the assumption that %, = BI,.

PROPOSITION 8. Given some fixed i on the L*> sphere and some small € > 0, let B = {u: |ul| =1,
lu—u| < &}. Consider an arbitrary u € B and define

i =argmin |u' Syu'| = argmin |u'u/|.
u'eB u'eB
Note that, for small enough &, u cannot be orthogonal to u. Suppose that, at time k', a total of k measurements
have been made in the set B. Then, it follows that the posterior variance of our beliefs about u satisfies the
inequality
2k
0

T
u Ek/ufﬁ—m,

(28)

where By =i Zqu.

ProoF. The posterior variance u' 3, u is monotonically decreasing in k, and depends only on the vectors we
measure, not on the observations. Because any measurement decreases the variance, the posterior variance at
time k is bounded above by the matrix created by applying (6) only after those measurements u, that are in the
set B. All measurements outside B can be ignored, because they only decrease the variance further.

Consider a policy that measures u; = u, = --- = u;, = u. Using the Sherman-Morrison formula, we find that

Bik

T —
u Eku_ﬁ_ﬁk—i—a'l%'

Suppose that u, ,; = u as well. Then, the variance reduction in our beliefs about u, achieved between time k and
time k + 1, is given by

2 2
w'Su—u'S, u= 0%w .
' T (kDB + o) (kB + o)
Now, consider a situation where u;; = «’ for some u’' € B. In this case, it can be worked out that
kBoBy )’ kBT \™
MTEku—MT2k+1M= <B2_]{B+01'3}> O-i—i_ﬁ_kBTl(Tz% B (29)
where B, =u'"u’ and B, =u"Zu’.
We now study the numerator of (29). Observe that
2
B, _ kBB " B, _ kBB
> kB+o2 > kB+o2
e KB, KBy 18,
_ PP _ ZWPol " IP11 30
B iptea | 2B~ (30)

Note that the right-hand side of (30) is positive because |SB,| < |B,| by the definition of &, and |B,| < 8 by the
Cauchy-Schwarz inequality. Consequently, (29) leads to

klBol - 1B\ kB> \7!
uTEku—uT2k+1MZ(|ﬁz|_ono.u%l) <0‘5+B_kﬁ+10'3)> '

Now, it is possible to apply the arguments given in the proof of Proposition 5.3 in Scott et al. [56], which
show that the variance reduction obtained when u,,, = u’ is greater than the variance reduction obtained when

L
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u,; = u. This is true for all k. Consequently, the smallest variance reduction that is possible with X measurements
in the set B is achieved by always measuring i. The bound in (28) follows. O

Now, suppose that the reference point & is an accumulation point of the sequence {u,} of measurements.
We know that such a point must exist since the sequence is bounded. In this case, we know that infinitely
many measurements will be made inside the set B = {u: ||u|| =1, |u — u|| < &}. Letting 3, be the limit of the
sequence (2,) of posterior covariance matrices, and applying Proposition 8 to the point i, we find that

Ty - =T N2
i Ewufﬁ(l—lb{g}l(u u) ) (31)
This leads to the following limiting result.

PROPOSITION 9.  Let it be an accumulation point of the sequence of measurements. Then, u' 2 _ it = 0.

PrROOF. We rewrite the set B as
B={u|ul=1,u"u—2u"i+(a"u—&>) <0}
= {u: ull =1, a7 (1 - L&)},
For small enough &, (1 —1&?) > 0. Then,
2
min(i ' u)* = (min IZTu) ,
ueB ueB’
where B' = {u: ||ul| =1, u"i= (1 — 3&%)}. It follows that
s =T N2 1,.2)\2
15161;1(14 u) :(1—58 ) ,
whence (31) becomes ,
i S a<p(1-(1-1e%). (32)
Taking € — 0 leads to the desired result. [

THEOREM 4. Suppose that
u, = argmax I, (u, ¢;, ),
u: |lul|=1
that is, measurements are chosen according to the expected improvement policy. Then, K (u, ¢, %,) — 0 for
all u on the L* sphere.

ProofF. Recall that ¢, — ¢, and 3, — 3 almost surely. For all u, define g(u) =lim,_, K, (u, ¢, ;). By
Proposition 7, g(u) exists and is finite for all u.
We argue that sup,. - 8(«) =0. To see this, we write

sup g(u) = sup liminf <, (u, ¢, 3;)
u: ||lull=1 w: |lul|=1 K=

< liminf sup K, (u,c,,3;)

k=00 y flull=1

= li]rcninf[Ka(uk, Cr» 24)

o 2 .
Sll}}ll;lfo_—w<a+ﬁ) IPsaﬁ?lx Ekuk|

o 2 e
< hlrglolgf - (a + E) (13615;( \/xT20x> ul Sy

The third line follows by the definition of u,. The fourth line follows by Proposition 5. The final line is due to
the Cauchy-Schwarz inequality and the monotonicity of the posterior variance. Thus we have

w

sup g(u) < Clim inf v 3, u, (33)

u: ||lul|=1

for some constant C. We can then take a subsequence {u; } of {u,} such that u, — u. By Proposition 9,
we know that '3 _u = 0, whence u,ijk/_ Uy, = 0. Consequently, the right-hand side of (33) is also equal to
zero. U
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Combining Theorem 4 with Propositions 6 and 7, we find that "3, x — 0 for all u on the L? sphere and all
x € %. Tt follows that x" 3, x — O for all x € %. That is, asymptotically, we obtain perfect information about the
objective value x T ¢™ for any feasible x € %. This can be viewed as a form of consistency for the policy (as in
Scott et al. [56]), in that the policy learns about every decision of interest.

Note that this does not necessarily mean that any u is measured infinitely often (or even once). In fact, it is
easy to see from Proposition 9 that u"3, u — 0 for any u that is in the span of the accumulation points of (u,),
even if u itself is never measured. However, one way or another, we asymptotically obtain perfect information
about all relevant x.

8. Numerical tests. Our numerical experiments are implemented in Matlab 7.10. The LPs and SOCPs are
solved with the commercial solvers Cplex 12.2.0.2, Gurobi or Mosek 7.0.0.64. The SDPs are formulated through
cvx (Grant and Boyd [29, 30]) in Matlab and then solved with SDPT3 (Tiitiincii et al. [59]) or the commercial
solver Mosek 7.

We compare the following algorithms to select measurements when the information state is (¢, X):

e EIG: u set to the eigenvector relative to the largest eigenvalue of 3.

e sDP-1: select u to maximize [Kllx(u ¢, ), using the one-sample approximation scheme of §6.1.

e SDP-2: select u to maximize [KQ’ (u, ¢, ) with N =5, using the general scheme of §6.3, with M =5 random
positive directions v;,.

e UNIT: select the unit vector ¢; that maximizes [Kf;’ (-,¢,%) with N =21.

e RAND: select the best random vector u that maximizes [I/A{f (-,¢,%) with N =21, among a set of M = 100
normalized vectors generated randomly.

e THOMPSON: select the vector u = %/| X||, where X is the solution to max, ., ¢'x — a+/x" 2x with the vector
¢ sampled from N (c, X).

The algorithms UNIT and RAND are enumeration algorithms that select u out of a finite set of measurements
to maximize a good approximation of the expected improvement, [Kg (-,¢,3) with N =21 in the present case.
The policy RAND chooses from a set of M = 100 random vectors u generated a priori.

The algorithm THoMPSON adapts the principle of Thompson sampling to our context. Thompson sampling
(Thompson [58]) is a randomized algorithm based on the optimization of a problem formed with a single sample
from the posterior belief distribution. Thompson sampling has been shown to lead to good empirical and theo-
retical performance in online learning (Chapelle and Li [13], Agrawal and Goyal [1], Russo and Van Roy [51]).

In our case, we sample a coefficient ¢ from N (¢, 3,), the current belief distribution for ¢™°. We solve a
single deterministic SOCP, max, ., ¢'x — ay/xT2,x. One issue here is that the solution, say, X, cannot serve
directly as a measurement, because it lives in a different feasibility set. But we can still determine a measurement
direction by normalizing X, that is, we set u = x/| %||. Consequently, this policy can only measure vectors that
are scaled versions of feasible implementation decisions.

8.1. Example with robust MDPs. First, we present results obtained on a randomly generated MDP with
|S| = 10 states and |A| =2 actions. The comparison is done based on the measurement policy induced by the
algorithms over a sequence of 10 measurements. We are interested in the true value of the MDP policy that is

obtained after k¥ measurements for k=1, ..., 10, that is,
£ (xe, ™) = x;] "™, x, € argmax {x'¢, —a/xT3,x},
x: Ax=b, x>0
where ¢,, 2, are the end result of the method that optimizes the measurement vectors u,, ..., u;, and of the
random observations y, = u/ ¢"™ +w,, ..., y, = u] ¢™ + w,. See Appendix A for additional discussion of this

setting; here, we briefly mention that x encodes a stochastic policy for a robust MDP, whereas c¢"™¢

the unknown reward function.

Figures 1 to 6 show the results of 100 simulations run on the same fixed MDP. All simulations start from
a same belief distribution (¢, 2). There are six graphs, corresponding to EIG, UNIT, RAND, THOMPSON, SDP-1
and spp-2. The same 100 samples of a sequence of Gaussian noises {w,: 1 <k < 10} for making 10 consecutive
measurements are used for comparing the six methods. The true maximum is indicated by a horizontal line at
76.59. We have plotted the curve of the estimated mean of V™ over the 100 samples as a function of the number
k=0,...,10 of past measurements. We have also plotted vertical bars between the 25th and 75th percentiles
of the distribution of V7. The support of V7 cannot cross the horizontal line of the true maximum.
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FIGURE 1. Distribution of the true performance with spp-2 for a FIGURE 2. Distribution of the true performance with spp-1 for a
growing number of measurements. growing number of measurements.
80 80
70 ¢ 70
60 F 60
50 F 50
40t 40t //
30 30
20 20 \/
Yo 2 3 4 s 6 7 8 9 10 Yo 2 5 4 s 6 7 8 9 10
FIGURE 3. Distribution of the true performance with EIG for a FIGURE 4. Distribution of the true performance with uUNIT for a
growing number of measurements. growing number of measurements.
80 80
70 701
60 60t
50 50
40 40
30t 30
20 20
I R R R I R R
FIGURE 5. Distribution of the true performance with RAND for a FIGURE 6. Distribution of the true performance with THOMPSON
growing number of measurements. for a growing number of measurements.

The results show that the two policies proposed in our paper, EIG and sDP-2, generally outperform the other
policies. Since our paper considers learning in the context of robust optimization, it is important to look at
worst-case performance in addition to the average case. For example, we see that EIG is competitive with SDP-2,
on average, but is more irregular in terms of the evolution of the 25th quantile. The policy spp-1 also performs
reasonably well, but exhibits much greater variance compared to spp-2, illustrating the value added by using
N > 1 in the SDP framework. Similarly, THOMPSON exhibits steady improvement over time, but likewise exhibits
much greater variance compared to spp-2. It is also noteworthy that the negative tails for spp-2 are much smaller
than the positive tails—the best-case performance is considerably better than the average case, but the worst
case is not too much worse.
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TABLE 1. Computation times (in seconds).

EIG UNIT RAND THOMPSON spp-1 SDP-2
On 100 sample paths: (1) (615) (5.849) (8.5) (124) (1,239)
Per measurement: (<0.01) (3.7) (35) (0.05) (0.74) (7.4)

We believe that the good performance of EIG in this setting can be explained as follows. The terminal value
function v, (¢, 2,,) that we wish to optimize includes a penalty term based on our posterior variance. Because
the measurement noise o> is known, any measurements will contribute a deterministic improvement to the
variance term, regardless of the outcome of the observation. Thus, a policy that is designed purely to reduce the
uncertainty may actually produce reasonable performance in a risk-averse setting. However, the spp-2 policy,
which considers the deterministic improvement due to variance reduction and the stochastic improvement coming
from the observation, is able to achieve good results faster and reduce the negative tails more consistently.

The computation time to run the experiments over the 100 sample paths in parallel, using six processes, are
given in Table 1. To get an estimate of the average time to select a single measurement, we divide those numbers
by 10, the number of measurements per sample path, and then by (100/6), the number of sample paths divided
by the number of processes.

8.2. Example with learning in linear regression. Next, we consider a test problem whose structure is
motivated by the multidrug therapy trial problem of Bertsimas et al. [10]. The underlying LP is given by

maximize ¢ x subject to a'x<b, 0=<x=<x",

We can view the objective function ¢ x as a prediction of the overall survival of a group of patients, where ¢
is a vector of predicted impacts per unit of each drug, and x is a vector of prescribed dosages. The vector x™**
represents the maximum dosage levels allowed for the drugs, whereas a is a vector of per unit toxicities, and b
is the maximal permissible toxicity in the treatment. Given a belief ¢ ~ N (¢, 2), we wish to prescribe dosages
that perform well in worst-case scenarios at a certain level of confidence relative to the beliefs. This leads to
the robust formulation

maximize {ch —a/ xTEx} subject to a'x <b, 0=<x=<x™*,

Before deciding on x, we have the ability to collect information about ¢ (e.g., by conducting lab experiments
before moving on to trials with human subjects). We model the outcome of such an experiment as y = ¢ u + w,
where u reflects the weights of the different drugs for the pretrial study. Essentially, the learning process in
this problem is an instance of Bayesian linear regression (Minka [38]). We assume that u > 0 and |lu| = 1. To
illustrate the behavior of the model, we consider n =40 drugs with the chosen parameters

i—1 i—1

G =34+ ——, a;=2+——, x™=1, b=4,
n—1 n—1

i—1 i— i _2limi
Eii :05+15m, Eij:(—l)l Je 2[i—J| Zi,»Ejj.

Thus the drugs go gradually from moderate impact, low variance drugs to higher impact, higher variance drugs.
(With the definition of the covariance matrix, the inverse covariance matrix is tridiagonal and nonnegative.) The
noise variable w is centered Gaussian with variance 1.

Table 2 describes the distribution of the optimal median objective value, for values of the risk-aversion
coefficient & = 0 (risk neutral), « = 0.5, and @ = 1.0. It can be seen that the risk of getting a low true objective
value can be decreased, in exchange for a moderate mean reduction, in accordance with the typical behavior of
robust optimization models.

Table 3 gives the result of the optimization of the expected improvement in the cases a =0, 0.5, 1.0. As before,
the UNIT approach reduces the set of possible studies to those that test one drug at a time (choosing the one with
the best expected improvement), whereas RAND maximizes the expected improvement over a finite set of 1,000
randomly generated measurement vectors. The number of sampled vectors was chosen to make RAND run for
about as long as the SDP approach. We did not include the EIG policy in this comparison because the dominant
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TABLE 2. Distribution of the optimal value of the implementation problem for different risk aversions.

Percentiles Density
Mean Std 25th 10th Sth 4
3
a=0 5.99 0.27 5.70 5.63 5.53 2
a=0.5 5.96 0.15 5.80 5.77 5.71 1
a=1 5.94 0.12 5.81 5.78 5.74 050

TaBLE 3. Value of the expected improvement for different risk aversions and optimization approaches.

UNIT RAND THOMPSON SDP-2

K Time I Time K Time K Time

a a a a

a=0 067 112% (33) 073 122% (644) 066 11.0% (20) 073 12.19% (627)
a=05 0338 643% (49) 043 7.28% (991) 0.18 3.12% (19) 055 931% (556)
a=1 021 361% (49) 029 498% (990) 0.13 226% (20) 047 878% (511

Notes. The expected improvement is given in absolute units, and in percentage of the optimal value of the
program. Computation times in seconds, using six parallel processes. SDP-1 gives, in all cases, an expected
improvement close to 0 and is omitted in this table.

eigenvector of 3 may have negative elements, and we require u > 0. The THOMPSON policy is randomized, so
for it, we report the expected improvement averaged over 100 realizations of Thompson sampling.

The maximization of the expected improvement over vectors u > 0 with ||u| = 1 is performed with the
semidefinite programming approach. The constraint u > 0 is implemented by adding the constraint Y;; > 0 for
all i, j to the program of §6.3, using the property that a nonnegative matrix admits a nonnegative eigenvector.
We run the SDP approach with N =1 and N =2 samples only. The computation of the expected improvement
for a fixed u (the output of the algorithm) is also done with N = 21.

We see in Table 3 that the one-sample approximation (spp-1) leads to poor results in this setting. In the
risk-neutral case (a = 0), this is not a complete surprise because the formulation was established under the
assumption « > 0. In contrast, the two-sample approximation leads to measurements that dominate those from
the other benchmarks, thus illustrating the value added by using multiple samples. Figure 7 demonstrates the
dependence of the expected improvement on the risk-aversion parameter «.

Finally, we consider a sequential version of the problem with K = 10 measurements and @ = 1. In the interests
of brevity, we only compare spp-2 and THOMPSON here, because EIG is inapplicable here, and Figure 7 has
illustrated that the other policies are much less effective than spp-2 in optimizing the expected improvement.

14.00
12.00 1
10.00 1
SDP-2
8.00 1
g 6.00 - RAND
4.00 1 UNIT
2.00 A THOMPSON
o— sl

05 1.0
(%)

(=]

FIGURE 7. Expected improvement, with different risk aversions.
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FIGURE 8. Distribution of the true performance with spp-2 for a FIGURE 9. Distribution of the true performance with THOMPSON

growing number of measurements. for a growing number of measurements.

Figures 8 and 9 report the means and the 25th and 75th percentiles of the distributions of the implementation
decisions for the two policies. We see that sDp-2 outperforms THOMPSON, on average, but much more importantly,
the performance of spp-2 exhibits much smaller variation. This shows the efficacy of the method in a risk-averse
setting.

Note that when there is no measurement (origin of the horizontal axis), the implementation decision x, is in
all cases selected as the maximizer of ¢'x — a+/xT 2x. This leads to a single value for the performance with
no measurements, namely, ¢™" x,. This value can be viewed as being sampled from the distribution reported in
the row relative to o =1 in Table 3.

9. Conclusion. We have posed an optimal learning problem in which a decision maker improves a robust
solution to a stochastic LP by sequentially collecting information about the unknown objective coefficients.
A single piece of information takes the form of a linear combination (a “blend”) of the true underlying objective
vector, subject to Gaussian noise. Bayesian updating is then used to combine this new information with a
multivariate normal prior distribution on the unknown parameters. Previous work has considered weighted sums
of unknown parameters where the weights were prespecified by a linear regression model. To our knowledge,
the present paper is the first to pose the continuous-optimization problem of choosing the optimal weight vector.
Our formulation of this problem allows for risk-neutral and risk-averse decision makers.

Within this setting, we have proposed two policies for choosing information blends. The first was shown
to optimize uncertainty reduction (analogous to active learning methods in statistics) by selecting the largest
eigenvector of the posterior covariance matrix. The second approximates the optimal solution to an expected
improvement criterion (a nonconvex optimization problem) via an SDP reformulation technique. The approach is
applicable to robust LP formulations of MDP problems, where risk-averse decision-making policies are desired.
We show that our approach generalizes a previous heuristic for such problems. In numerical examples, the SDP
approximation consistently outperforms a number of benchmarks. We believe that the present paper contributes
to the interface of robust optimization and optimal learning, and that the idea of information blending offers a
new way to think about sequential information collection.

Acknowledgments. Warren B. Powell acknowledges the support from the Air Force Office of Scientific Research [Grant
FA9550-11-1-0172], along with the support from the SAP initiative for energy systems research.

Appendix A. Application to Markov decision processes. Let the tuple (S, A, P, R) define a Markov decision pro-
cess (Puterman [46]), where S is a finite-state space with |S| states, A is a finite-action space with |A| actions, P: S X A X S —
[0, 1] with values p(s’|s, a) is a transition probability function, and R: S x A +> R is a reward function with bounded values
r(s,a). Let 0 <y < 1 be a discount factor, and let b(j) = P{s, = j} specify an initial state distribution, states being labeled
from 1 to |S|. The maximization of the expected discounted cumulated reward

U;T = [Ev{iytr(srs ar)}

t=0
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by the choice of a stochastic policy 7: S x A + [0, 1] with values 7 (s,a) = P{a, = a | s, = s} admits a dual linear
programming formulation (D’Epenoux [21])

maximize Y Y r(s, a)x(s, a)

seS acA
subject to Y x(j,a) =Y > yp(jls, a)x(s,a)=b(j) forjeS, (A1)
acA seS acA

x(s,a)>0 forseS, acA,

which is of the form (1). Given an optimal x* € RISI*IAl,

7 (s, a) = x*(s, a)/ > x*(s,a) (A2)

a'eA

is an optimal stochastic policy. The optimization variables x(s, a) (occupation measures) represent the total discounted
probability of being in state s and choosing action a, when the system starts from state j with probability (). The optimal
policy (A2) will be independent of the initial distribution.

A.1. MDP with Bayesian prior. In our framework, we assume that the rewards r(s, @) are unknown but endowed with
a prior N (7, X), where 7 collects the means 7(s, a) and X is the covariance matrix collecting elements (s, a; s’, a’). The
framework is less general than (Bayesian, model-based) reinforcement learning, where transition probabilities would also be
endowed with a prior. Nonetheless, the framework is already a valuable step for studying model ambiguity in MDPs from a
Bayesian standpoint.

Under the risk-neutral approach (« = 0), the rewards r(s, @) in (Al) are set to their Bayesian mean 7(s, a). The opti-
mization problem has still the structure of an MDP, implying the existence of an optimal deterministic policy. To see that
from (A1), note that the simplex algorithm returns a vertex solution x* defined by |S|-|A| linear equations, |S| coming from
the equality constraints and |S|-|A| — |S| coming from active inequalities x(s, @) = 0. Hence x* has at most |S| nonzero
coordinates. The definition of a proper policy requires one nonzero coordinate being assigned to each state, implying that
the policy (A2) is, in fact, deterministic.

When the robust optimization approach is used (« > 0), the program for finding an optimal policy becomes

maximize Y Y 7(s,a)x(s,a)—a [ > > Y x(s,a)2(s,a; 5, a)x(s, a’)

seS acA seSacAs'eSa €A
subject to Y x(j,a) =Y > yp(jls,a)x(s,a)=b(j) forjeS, (A3)
acA seS acA

x(s,a)>0 forseS, aecA.

Generically, optimal solutions to SOCPs are not vertex solutions. Thus more elements x*(s, @) will be nonzero, and the
resulting stochastic policy (A2) does not necessarily degenerate into a deterministic one.

The program (A3) is a tractable robust MDP obtained by applying generic robust linear programming techniques. The
covariance matrix (s, a; s'a’) allows one to model worst-case reward dependencies among state-action pairs.

A.2. Optimal measurements with fixed decisions. Consider now the measurement selection problem based on the
maximization over u of I, (u, ¢, 3) as defined by (8). An approximation proposed in Delage and Mannor [18] for robust
MDPs with the measurement u valued in {e,,...,e,} assumes that, inside the expectation in (8), for each outcome y,
the optimal solution x’ attaining v,(c’, X) is replaced by the solution X attaining v,(c, X). By doing so, K, (u, ¢, 3) is
approximated by

Ko, 6, 3) =E{[¢T%—aVFT85] - [¢T%— ay ¥ 3%] |u, 6, 3} = (Vi35 - VITY5), (A4)

where [, {¢'} = ¢ has been used.
Note that €, (u, ¢, %) =0 for all u if @ =0, suggesting that this approximation is uninformative in the risk-neutral case.
Despite this undesirable behavior, we can still investigate the problem of maximizing I<,(u, ¢, X).

PrOPOSITION 10.  Let % € argmax, ., {C'x — avx3x}, and let K,(-,¢ 3) be the approximation relative to X. Then,
either 2x =0 and any u € B is optimal for max,gK,(-, ¢, %), or Zx # 0 and the maximum of K, (-, ¢, 3) over B is
attained by selecting

2\—-1s' ¢
'e{i—(2+1”0’“ b } (AS)

I(Z+1,00) 2%

where 1, is the identity matrix in R™".
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PrROOF. Assuming « > 0, we have, from (A4),

-
argmax K, (u, ¢, Z)—argmax \/xTEx—\/xT E—M)?}.

ueh ueh utSu+ 0'3,

If 3x =0, then any u € B is optimal. Otherwise, 3X # 0, and we can justify that any optimal u will satisfy u"u =1 by
the proof technique used in Theorem 1. Then, we have

i
g, (1.3 = g VFE - [ (5 202 )

T 2
ueB w Jul=1 Su+o}

Suu'y,
argmin (XT3 — ————— | X
u:%uH:l \/x ( uTzu—i_Ul%r)x

.
argminx " (Z— M)i

T 2
wclull=1 ulZu+ oy

X 3uu'Sx
argmax ——————
wlul=t 4T Zu+og
u' Sxx Su

= arg max

u: ||lul|=1 MT(E + 0'3)1")1/[ .

We can then proceed as in the proof of Theorem 2, or observe that an optimal solution i can be obtained by considering
the generalized eigenvalue problem (2%%" 3)u = A(2 + 021,)u and taking for i# a normalized generalized vector associated
to the largest generalized eigenvalue A. Since (2 + o21,) is nonsingular, the generalized eigenvalue problem is equivalent to
the standard eigenvalue problem (2 +1,02)~ (ExxTE)u = Au, which is of the form

felu=Au with f=(2+1,02)7'3%, g=3%.

Therefore the rank-one matrix fg' has a single positive eigenvalue g' f/|f|| with a normalized eigenvector f/|f| or

—f/IfIl, and &t = £(Z +L,o2) ' Sx/|(E+1,02)"'3x|. O

From (A5), we can better understand the effect of the ﬁxed decision approximation. If we assume momentarily that o2
is small with respect to the eigenvalues of 3, then (X +1,02)7'S is close to L, so i is close to x/||x||. Therefore & tends
to measure the coordinates of ¢"™° according to the magnitude of their believed contribution to the objective value given the
current optimal solution X. For any value of @2, if 3 is diagonal, the coordinates c; for j e {i: X; =0} are not measured.

This analysis suggests that using the approximation (A4) would lead to a measurement policy that is not asymptotically
consistent, in the sense that wrong beliefs would not necessarily be corrected by an infinite sequence of measurements.

n

Appendix B. Proofs. Below, we give proofs that were omitted from the main text.

B.1. Proof of Lemma 1. If o =0, € ={c} and the result is trivially verified. If « > 0, for any fixed x, the inner minimum
min;., ¢ x is computed by applying the change of variable z = 3/2(¢ — ¢), which yields min... 7, (2?2 +¢) "x, where
¢'x is fixed. The minimum is attained at z* = —83!/2 *||2 = @2, that is, B = a/+/xT3x. In terms of ¢,
the optimal solution is ¢ = ¢ — a3x/+/xT 3x, hence the value for the inner minimum, ¢'x — av/xT3x. O

B.2. Proof of Lemma 2. Using (12), ¢ can be re-expressed as
c=000yc+Qic,  c,~N(QLE ).
Then,

maxminc'x = max mm (QOQ0 c+0,c.)"x
xe¥ ce€ Xe¥ c €€

- ‘11%?{59093 © min ¢ (01|
— (<7 0,0] -+ (€10 (1) - /(@10 % 0T
= max| ¢ (0,0) +0,0])v~aVx 0,307 x],

which reduces to max,,{¢'x — av/x" 2x} using (12) and Q,Q0] + 0,01 =[Q, 0,1[Q, 0.]"=0T0=1. O
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B.3. Proof of Theorem 1. Fix u in the interior of %. Define u, by extending u to % as follows: define * = max{t > 0:
tu/lul| € U}, T =1*/|u|, u, = Tu € dU. Necessarily, 7 > 1. Essentially, we show that the measurement based on u,
dominates the measurement based on u, so that optimal measurements are on d%.

Define
u'Su+a? . Suu'y
u™Su+(o,/7)*’ T uTSu+o?’

Note that 1 < 8 < 7%. From the update of 3 after measurements y, = c'u+ w or Yu, = cTu, + w, we deduce the ordering
of the two updated covariance matrices in the cone of the positive semidefinite matrices:
, Suuls T uu’,

= =3 —S_BA<S—A=%
=% upSu, +o? > 2[u2u+ (0,/7)%] FopA=> o

B:

meaning (informally) that the residual uncertainty is “smaller” with u . From the update of ¢ after the observations y, or Vuys

Su T Su,
i=c+——(0y,—C u), &, =c4+—F—(y,.—C'u,
f TSut ol (u ) ut TS, + (y . )
and from the distribution of the observations,
Yu~ N e, u"Su+a?), Yu, ~N(Tu"é, T*u"Su+ o),

we deduce the distribution of the updated means,
e, NN, G, ~N(E BA).
Using the zero mean random vector z ~ N (0, A), we have

E{v, (€, .3, )} =F{v. (e + VB2, 3, )} = E{v, (¢ +2. 5, )} =E{v,(c,, =, )},

where the inequality is justified by an extension of Jensen’s inequality, that states that a function g(¢) =E{f(x,+1z)} defined
for > 0 is monotone increasing if f is convex and E{z} =0. Since X, <3/, we have

&lx—avx 2’ x> x—avx'3x,
implying v, (¢, %) = v,(C;, ;) and thus
[E{UQ(E;’ 2:4+)} Z [E{UQ(C;, 2;)}

Therefore IK(u', ¢, %) > K(u, ¢, X). Since u was arbitrary, the result follows. O

B.4. Proof of Theorem 2. Let = denote the space of all measurable vector-valued functions x(-): R+ R" with values
x(t) € %, defined for all r € R. Note first that for any u € B, there exists for each ¢ a selection x(#) (Dontchev and
Rockafellar [22]) of the optimal solution set X(f) = argmax, (¢ + t2d,)" x such that x(-) € E is a piecewise constant,
vector-valued function with a finite number of pieces (Ghaffari-Hadigheh and Terlaky [26], Ryzhov and Powell [54]). Thus
we can actually restrict = to that space of functions. Consider

max K, (u, ¢, 2)
ueB

- u T -
(1) 0] e

Su ! _
xr(n)an:Tea[édE {( +tm> x(z)} vy(¢, %),
where the interchange between E, and max, .,z is possible because the optimization problem is written in terms of a
function x(-) that does not explicitly depend on u; see also Rockafellar and Wets [50, Theorem 14.60].

One can check that max, g K, (u, ¢, %) > 0 by plugging in the constant-valued function x(-) = X,, where X, € % attains
vo(C, 2): for any u, one obtains E,{(¢ +13d,) %)} =¢ %, + [E{t}d Sxy=1vy(c, 2).

Assume that we are given an optimal function x(-) € E for the problem. The set of the vectors u € B that attain
max,,.g I, (u, ¢, 2) along with x(-) can be expressed by

- Su )T_ } u’ -
argmaxEy | ¢+ 71— *(r) { = argmax ——=3F{rx(1)},
%GB {( Ju'2u+o?2 © gueIB u'Su+o?2 (X0}

dropping the constant term E{¢"X(¢)} on the right-hand side.
If S E{rx(r)} =0, then any u € B is optimal. Otherwise, % E{rx(¢)} # 0, and by Theorem 1,

T Firx
argmax I, (u, ¢, ) = argmax M

ueB u: ||ul|=1 kY% u' Pu
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Moreover, using v = P'/2u, we have

T = T p-1/2 =
max “ S E{tx(r)} — max U P12EE{tx(1)}
wll=t  /uT Pu v | P=1/2u]=1 llvll

Recall that for any z, here taken to be z = P~'/2S E{tx(¢)},
_ T _ T
Iz =max y"z=max y z/|y].

Therefore, an optimal v is given by v* = BP~/2SE{tx(¢t)} with 8 such that |[P~!/?v*| = 1. Then, it follows that u* =
P12y = P13 E{tx(¢)}/||P7'S E{tx(¢)}| is optimal. Moreover, if u* is optimal, then —u* is optimal, by the symmetry of
the Gaussian distribution and the expression of d,«. [

B.5. Proof of Corollary 1. Let f(x(-)) =E,{¢"x(¢)} + |P~2SE,{tx(¢)}|}. Since f is convex, optimal solutions are
attained on the extreme points of the feasibility set. Thus without loss of generality, we can assume that x(¢) is a vertex
of % for each t. Let X(-) € E be an optimal solution with = defined as in the proof of Theorem 2, that is, we can restrict
ourselves to the space B of measurable, piecewise-constant, vector-valued functions x(-) with values x(¢) € % for all ¢ and
a finite number of pieces.

First, consider the degenerate case where 3 E, {¢tx(f)} =0. Then, f(x(-)) =E,{c x(¢)}. Since x(¢) is optimal by assump-
tion, and since any solution X, that attains vy(c, ) is in argmax ., ¢'x, we can assume without loss of generality that
%(t) = X, almost surely, so that E,{¢"%(¢)} = ¢" X, = vy(¢, 3). Hence, in that case, any measurement is optimal (in fact, no
new measurement is needed).

Next, consider the nondegenerate case where X F,{¢x(#)} # 0. The relation max, g I<,(C, 2) = max,(.ycz. (eu{S(x(-))—
v,(C, =)} can be checked by comparing the two objectives with u set to P~'SE{tx(¢)}/||P~'SE{tx(¢)}|: one gets

Si T
[E{ (5 + z%) )E(t)} —(¢, ) =" E{x(0)} + |PTPSE(tx (D)} — vo(C, D).
Vi'2i+o?
At the same time, with 3 E, {rx(¢) # 0, the subdifferential of f(x(-)) at X(-) is a singleton corresponding to the gradient
of f(x(-)) at x(-). The gradient of f(x(-)) with respect to x(#') for some fixed ¢ is given by

P12S E{tx(1)}

e SPISE{x(1))
Vi f (x(+)) = (1) + () (1'P I/ZE)TW —]

=¢(1) [5 T E{zx(1)}|

At x(-), we have the implicit definition & = P~!SE{tx(t)}/| P SE{tx(¢)}

, SO we have

i SPISE{tx (1)}

IP2all — |P= 2R E{ex (D)}

Therefore, the gradient with respect to x(#') at xX(-) can be written as

RPN D 7 1 21 05) I PPN D
Vx(ﬂ)f(x('))|;—¢(t)[c+tm]—d’(ﬂ[ﬁi—tM].

From the basic variational inequality for minimization (Dontchev and Rockafellar [22, Theorem. 2A.6]), a necessary
condition for attaining a maximum is V) f(¥(-))z € Ny (X(¢')) for almost every #', where Ny (X(¢')) is the normal cone to
% at x(t'). Since ¢(¢') > 0, we can invoke the property that x € K iff ax € K for a cone K and some positive scalar a, and
deduce that x(-) must satisfy

_ 130

c+ m € Ny (x(r)), for almost every ¢.

Now, note that these conditions are necessary and sufficient for ensuring that

_ _Sa '
%(t) eargmax| ¢ + ————- | x, for almost every f,
XeX ”P / u”

because the latter problem is convex. We have thus verified that (16) fulfills at optimality the necessary conditions of
Theorem 2. 0O
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B.6. Proof of Lemma 6. Consider first the case G = 1. Recall that the boundary of the spectrahedron Q, = {U € S":
trace(U) =1, U >0} is the set of rank-one matrices {uu': |lu| = 1}. Now, representing the objective with a Legendre
transform, we have

S Z1- . T T ol
U = 2 — U)yt.
[r/régllx E'+u)y'x [521(1)11 rrl)glx{ y—y (T +0)y}

Note that: (i) 2, is a nonempty compact convex set; (ii) Since 7! > 0, we can confine y to a compact convex set without
loss of generality; (iii) The objective is concave in y and convex in U (in fact, linear in U). Therefore we can write

STl “1c =T Ty-1 T
U = [ — — 1 U ]
Lr]rEninx G +U)'x max Lr}r;lﬂnl{x y—y 27y —trace(yy ' U)}

The inner objective being concave in U (in fact, linear in U), its minimum is attained on the boundary of Q,. Without loss
of Optimality, we can thus assume that U is of the form U = uu" with |Ju| = 1. Thus — trace(yy'U) = —(u"y)?, which is
minimized for u* = y/||y|. The overall objective becomes

min FETT+U)  i=max 2Ty —y "I+ 2 )y =1+ 37 'E,
€ y

where the maximum is attained for y* = (I+37")"'x. Setting B = (I+3"")~!, the expression for U* follows immediately:
U* — M*M*T — y*y*T/y*Ty* — B)E)ETB/)ETBTB)E

Consider now the case with a general G > 0. Since {d € R": trace(Gdd") =1} ={d' = G™'2u’: |u’|| = 1}, the boundary
of Q; ={U €S": trace(GU) =1, U > 0} is the set of rank-one matrices G~"/?uu’ G~'/? with ||u|| = 1. This leads to the
representation Qg = {U = G~2VG~'2:V € Q,}. Therefore, the minimization problem over U € () can be recast as

min ¥ (37" + G2VG) 7k = min ' G'A([G'*3 7' G2 + V]) T Gk
VeQ, Ve,

Using the substitution X — G'/2x, and 37! — G'237!G'? in the case for G =1, we obtain the optimal solution V* =
Bii'B/iT BTBx with B:= (14 G2S-1G'?) G2 = G-'2(G~' +3~')!, and thus U* = G-'2V*G~'2. O

B.7. Proof of Lemma 7. If d € D, there exists u € R" with u"u =1 such that
u u p-lzplizy

d= = = :Pil/zul,
VuTSu+o2  JuTPu [[P12ull

where u' = P'2u/||P"/?u| satisfies ||u'|| = 1, showing (25) — (26). Conversely, if d’ € D, there exists #' € R" with
u'Tu' =1 such that

d' =P~ = [P~ |,

where we have defined v=P~!/?

u'/||P~"%u'||; then noting that v"v =1, we evaluate
u/Tp*l/ZPP71/2u/

T 29-172 _ 1 T p 1172 _
[v' Zv+o0;]7 " =[v Pv] _|: P

—12
] =

so that d’ = [v'2v + ¢2]7"?v, showing (26) — (25) with u = v = P~24//||P~"24’||. This establishes the equivalence
between (25) and (26).

The well-known identity {Q'?z: ||z]| =1,z € R"} ={z € R": 7T Q" 'z =1} applied to Q = P!, and the relation ' Q" 'z =
trace(zT Q'z) =trace(Q'zz") = trace(Pzz "), establish the equivalence between (26) and (27). O
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