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Stochastic programming and approximate dynamic pro-
gramming have evolved as competing frameworks for solving
sequential stochastic optimization problems, with proponents
touting the strengths of their favorite approaches. With less
visibility in this particular debate are communities working un-
der names such as reinforcement learning, stochastic control,
stochastic search and simulation-optimization, to name just a
few. Put it all together and you get what I have come to call
the jungle of stochastic optimization.

The competing communities working in stochastic opti-
mization reflect the diversity of applications which arise in
different problem settings, resulting in the development of par-
allel concepts, terminology and notation. Problem classes are
distinguished by the nature of the decisions (discrete/continu-
ous, scalar/vector), the underlying stochastic process, the tran-
sition function (known/unknown) and the objective function
(convex? continuous?). Communities have evolved methods
that are well suited to the problem classes that interest them.
In the process, differences in vocabulary have hidden paral-
lel developments (two communities doing the same thing with
different terminology and vocabulary).

These differences have hidden important contributions that
might help other communities. Computer scientists have ig-
nored the power of convexity to solve problems with vector-
valued actions. At the same time, the stochastic program-
ming community has ignored the power of machine learning
to approximate high-dimensional functions [8]. Years ago, I
found that combining these two central ideas made it possible
to solve a stochastic dynamic program with a decision vector
with 50,000 dimensions and a state variable with 1020 dimen-
sions [15]. In another problem, the same methods solved a
stochastic, dynamic program with 175,000 time periods [11].

Stochastic programming, dynamic programming, and sto-
chastic search can all be viewed in a unified framework if pre-
sented using common terminology and notation. One of the
biggest challenges is the lack of a widely accepted modeling
framework of the type that has defined the field of determin-
istic math programming. Misconceptions about the meaning
of terms such as “state variable” and “policy” have limited dy-
namic programming to a relatively narrow problem class. For

this reason, I will begin with a proposal for a common mod-
eling framework which is designed to duplicate the elegance
of “min cx subject to Ax = b, x ≥ 0” that is so familiar to
the operations research community. I then turn to the issue
of defining what is meant by the word “policy.” This article
draws heavily on the ideas in [10].

Modeling stochastic, dynamic programs There are
five elements to almost any stochastic, dynamic program:
States, actions, exogenous information, the transition function,
and the objective function.

• The state variable S t - Incredibly, the dynamic program-
ming literature seems to universally use the concept of a
state variable without actually defining it. In [9][Chapter
5](downloadable from http://adp.princeton.edu), I suggest
the following definition:
Definition: A state variable is the minimally dimensioned
function of history that is necessary and sufficient to com-
pute the decision function, the transition function, and the
cost/contribution function.

It is useful to think of three types of state variables:

– The physical/resource state Rt - This captures the con-
trollable elements of the problem which, in opera-
tions research, often refers to resources being man-
aged. This might be the amount of inventory, the lo-
cation of an aircraft, the status of a machine or the
price of a stock. It might also be called the physical
state, as in the location and velocity of a robot.

– The information state It - It includes exogenous infor-
mation that is needed to compute the cost/contribution
function, the decision function (such as the
constraints), and the transition function. It would
include exogenous information (such as market de-
mands and wind speeds), as well as any relevant in-
formation from history that has already been observed
and which is needed to make decisions in the future.

– The knowledge state Kt (also known as the belief
state) - This is a set of probability distributions de-
scribing our knowledge about unobservable parame-
ters. In some problem classes such as the multiarmed
bandit problem, the belief state is the only state vari-
able.

The stochastic programming community maintains a strict
division between Rt, which always appears as a right-hand
side constraint, and It, which is exogenous information
that is not affected by current or prior decisions. However,
there are applications where It is directly or indirectly in-
fluenced by decisions (large values of sales may influence
random market prices).

An important concept is the post-decision state which we
denote S x

t (if our decision is x) or S a
t (if we are using action
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a). This is the state at time t immediately after a decision is
made, which includes only the decision needed to compute
the transition function (since we have already computed
the cost and made a decision), which has to capture the
information needed for future decisions.

By requiring that the state variable be both necessary and
sufficient, all stochastic dynamic systems are Markovian
by construction. At the same time, we are going to open a
fresh line of thinking for the stochastic programming com-
munity that depends on scenario trees which captures the
entire history.

• Decision variables - It is useful to adopt three notational
systems for decision variables: at for discrete actions (pop-
ular in computer science and the Markov decision pro-
cess community), ut for low-dimensional, continuous con-
trols, and xt for discrete or continuous but typically vector-
valued decisions for problems common in operations re-
search.
When we specify a model, we avoid the problem of de-
termining a decision other than to specify that it is the re-
sult of a policy which is a function that maps states to ac-
tions. We treat the determination of policies as separate
from the model. While it is common to refer to a policy
as π(s), I prefer to write it as a function Xπ

t (S t) (if it is a
time-dependent function to determine xt) or Aπ(s) (if it is
a stationary policy to determine an action a). In this no-
tation, π determines the type of function and any tunable
parameters.

• Exogenous information Wt - There seems to be no com-
mon notation for the random variables in a stochastic sys-
tem. Control theorists like wt, probabilists prefer capital
letters, so Wt seems like a compromise. However, unlike
the control theory community, we insist that any variable
indexed by t is known (“measurable”) at time t. I have
also adopted the notational convention of putting hats on
specific random variables, such as D̂t+1 for new customer
demands or p̂t+1 for the change in prices.

• Transition function - Also known as the system model,
state model, plant model, transfer function or just “model,”
this describes the evolution of the system over time, writ-
ten as

S t+1 = S M(S t, xt,Wt+1)

Note that S t is assumed to be fully known at time t, xt is
a decision that depends on the known information in S t,
while Wt+1 is random at time t.

In operations research, the transition function is often writ-
ten as a system of linear equations, although only for the
portion of the state variable that is controllable. We might
write the resource transition function as

Rt+1 = S R(Rt, xt,Wt+1) = At xt + R̂t+1,

while the information transition function It+1 =

S I(It, ·,Wt+1) might represent systems of equations such as

pt+1 = pt + p̂t+1, prices
Et+1 = Et + Êt+1. energy from wind.

There are many applications in engineering (such as mod-
eling a chemical plant) where the transition function might
consist of “500 lines of Matlab code.” In others (such as
modeling the effect of tax policy on climate change) the
transition function is completely unknown. Problems with
an unknown transition function are referred to as “model
free.”

• The objective function - Using the standard notation of dy-
namic programming, we write the cost function as C(S t, xt)
to reflect the possible dependence of costs on the state vari-
able (costs, such as prices, can be stochastic). Assuming
we are minimizing the expected sum of costs, we would
write the objective function as

min
π∈Π
E

T∑
t=0

C(S t, Xπ
t (S t)). (1)

We have written the objective (1) assuming an undiscoun-
ted, finite horizon formulation, which is more familiar to
the stochastic programming community, but we could have
adopted a discounted, infinite horizon objective, or one
that minimized average costs. The objection function in
(1) must be accompanied by the transition function, and a
model of the exogenous process for W1,W2, . . ..

There is a tendency to equate “dynamic programming” with
Bellman’s optimality equation. In fact, a number of authors
will “model” a dynamic program by writing out Bellman’s op-
timality equation:

V(s) = min
a

C(s, a) + γ
∑

s′
P(s′|s, a)V(s′)

 .
A dynamic program, however, is a sequential decision prob-
lem, given by (1). Bellman’s optimality equation is a) a way
of mathematically characterizing an optimal policy and b) a
strategy for designing approximate policies. The challenge we
now face is the problem of specifying what it means to search
over the policies π ∈ Π.

Policies The dynamic programming community is very fa-
miliar with the word “policy” which is widely understood to
mean a mapping from states to actions. This is one reason
why the state variable must include all the information needed
to make a decision, compute the cost function and compute the
transition function. There are many papers in dynamic pro-
gramming where the policy is written in a lookup table form:
given a discrete state s, here is the discrete action a. However,
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there is no reason to limit the definition of policies to such a
restricted format.

Policies come in many forms, but in my work I have been
able to divide them into four fundamental classes:

• Myopic cost function approximations - A myopic policy
is of the form

XM(S t) = arg min
xt∈Xt

C(S t, xt),

whereXt is the feasible region which may depend on S t.
In some settings, we can modify the problem to get bet-
ter results over time, either by modifying the cost func-
tion itself, or possibly by modifying the constraints. We
can represent this using

XCFA(S t |θ) = arg min
xt∈Xt(θ)

Cπ(S t, xt |θ).

where θ represents any tunable parameters needed to ad-
just the function.

• Lookahead policies - Also known as rolling/receding
horizon procedures, tree search, roll-out policies and,
in control theory, model-predictive control, lookahead
policies are popular in engineering practice. A deter-
ministic lookahead policy involves solving

XLA−Det
t (S t) = arg min

xt∈Xt

ct xtt +

t+H∑
t′=t+1

ct′ xtt′

 , (2)

where arg minxt optimizes over the entire (deterministic)
vector xt = (xtt, . . . , xtt′ , . . . , xt,t+H) over a specified hori-
zon H, but the decision function XLA−Det

t (S t) captures
only xtt. Of course, this has to be solved subject to con-
straints at each point in time and across time periods (we
represent these constraints in Xt). The stochastic pro-
gramming community likes to incorporate uncertainty
in the lookahead model, and solves

XLA−S P
t (S t) = arg min

xt
(ct xtt+

∑
ω∈Ω̂t

p(ω)
t+H∑

t′=t+1

ct′ (ω)xtt′ (ω)

 . (3)

Here, Ω̂t represents a subset of random outcomes over
the interval t to t + H. Equation (3) is a classical two-
stage stochastic programming formulation, where we
first choose xtt, then observe ω (which might be a se-
quence of random variables over time periods t+1, . . . , t+
H), and then choose xtt′ (ω) for all t′ > t given ω.

• Policy function approximations - PFAs are used when
the structure of the policy Xπ(S t) (or more likely Aπ(S t))
can be written in some analytic form. One example is

our (q,Q) inventory re-ordering policy which we can
write

Aπ(Rt |θ) =

0 If Rt ≥ q,
Q − Rt If Rt < q,

(4)

where θ = (q,Q). An alternative is to use a statistical
model. If xt and S t are scalar, we might use

Xπ(S t |θ) = θ0 + θ1S t + θ2S 2
t .

Other examples include computing a control ut using a
statistical model such as a neural network (popular in
engineering). The distinguishing feature of a PFA is that
it does not have an imbedded optimization problem.

• Policies based on value function approximations - VFA
policies are based on Bellman’s equation, and have the
form

XVFA
t (S t) = arg min

xt∈Xt

(
C(S t, xt) + V̄t(S x

t )
)
. (5)

Here, we have used the concept of the post-decision
state variable S x

t which avoids the imbedded expecta-
tion common in dynamic programming. A strategy that
has attracted considerable attention under the name “ap-
proximate dynamic programming” (but studied widely
in the reinforcement learning community) is to approxi-
mate V̄t(S x

t ) using a linear model of the form

V̄t(S x
t ) =

∑
f∈F

θ fφ f (S x
t ), (6)

where the independent variables φ f (S x
t ) are known as

“basic functions” or “features.” However, a value func-
tion approximation can be represented using Benders
cuts, linear approximations (linear in the state variable),
or piecewise linear, separable approximations.

Three of the four classes of policies involve the use of
a function approximation (cost function, policy function and
value function). There are three fundamental ways of approx-
imating functions: lookup tables (a special case), parametric
models and nonparametric models. While lookup tables can
be written as a parametric model, computationally they behave
more like nonparametric models. In addition, a powerful class
of models are known as semiparametrics, which are basically a
hybrid of parametric and nonparametric. Not to be overlooked
are approximation strategies aimed specifically at approximat-
ing convex problems which include strategies such as Benders’
cuts, piecewise linear functions and shape-restricted statistical
learning methods.

It is possible (and popular) to mix and match these funda-
mental strategies to create hybrids. Examples include a deter-
ministic lookahead policy with value functions as terminal re-
wards, lookahead policies using cost function approximations,

ICS News Spring 2012 Page 4



value functions with policy function approximations [17], and
stochastic programming with scenario trees and policy func-
tion approximations [2].

The search over policies π ∈ Π in equation (1) might first
involve a search over major policy classes (including hybrids).
Then, each class of policy (or hybrid) tends to be characterized
by a vector of parameters that we call θ. In a stochastic pro-
gramming model, θ might include the planning horizon or the
strategy for generating scenarios. In a policy function approx-
imation, θ would be the parameters (or rules) that specify the
policy.

It is possible that someone has worked with a policy that
does not fit any of these four (or hybrids), but this is what
I have encountered in my own work. It is easy to describe
problems that are particularly well-suited to each of these four
classes. The important idea is to get away from equating dy-
namic programming with lookup tables.

With our new vocabulary and perspective, it is possible
to identify close relationships between communities that have
previously been viewed as completely distinct. Below I show
how to link stochastic search and dynamic programming, and
then dynamic programming and stochastic programming.

From stochastic search to dynamic programming
Problems in stochastic search are typically written

min
x
EF(x,W), (7)

where x is a deterministic set of parameters and W is a random
variable. Stochastic search has been viewed as distinctly dif-
ferent from sequential decision problems (dynamic programs)
because decisions xt in sequential problems are random vari-
ables in the future. However, this is not the right way to look
at them. In a dynamic program, the optimization problem is
(in most cases) a search for a deterministic policy. We might
write

Fπ(S 0) = EF̂π(S 0,W) =

T∑
t=0

C(S t, Xπ
t (S t)),

where S t+1 = S M(S t, Xπ
t (S t),Wt+1). The optimization problem

is then

min
π
EF̂π(S 0,W). (8)

Finding the best deterministic policy (which includes finding
both the structure of the policy and any parameters that charac-
terize the policy) corresponds directly to the stochastic search
problem in (7).

This perspective opens up a powerful set of tools for solv-
ing dynamic programs. For example, imagine that we have a
policy given by

XVFA
t (S t |θ) = arg min

xt∈Xt

C(S t, xt) +
∑
f∈F

θ fφ f (S x
t )

 .

While there is a substantial literature that tries to estimate θ
using Bellman error minimization (so that V̄(S t) predicts the
value of being in a state), growing attention has been given to
the idea of directly searching for the best value of θ to mini-
mize costs. This is the same as solving equation (8) with π = θ
which, of course, is the same as solving equation (7).

Stochastic search (known as direct policy search in the
ADP/RL literature), can work extremely well, but it is not well
suited to all problems. If we are unable to compute derivatives
with respect to θ, then algorithms for derivative-free stochas-
tic optimization generally limit the number of dimensions of
θ. Particularly difficult are time-dependent problems where θt

is a function of time. However, anyone working in dynamic
programming should have a working knowledge of the tools
of stochastic search.

From dynamic programming to stochastic program-
ming

The transition from dynamic programming to stochastic
programming is somewhat more difficult if done carefully.
There has been growing recognition of the links between sto-
chastic programming and dynamic programming (see [3] and
[13]). Thorough presentations of stochastic programming can
be found in [5], [1], and [14].

We start with the classical statement of Bellman’s equation
for discrete state and action spaces (see [12])

V(s) = min
a∈A

C(s, a) + γ
∑
s′∈S

P(s′|s, a)V(s′)

 .
The stochastic programming community works purely with
time-dependent, finite horizon problems which we can write
as

Vt(S t) = min
at∈At

C(S t, at) + γ
∑
s′∈S

P(S t+1 = s′|S t, at)Vt+1(s′)

 .
We next replace the one-step transition matrix with an expec-
tation, giving us

Vt(S t) = min
at∈At

(C(S t, at) + γE{Vt+1(S t+1)|S t}) , (9)

where S t+1 = S M(S t, at,Wt+1). There is an implicit assump-
tion that we are using an optimal policy starting at time t + 1
onward. We are going to temporarily fix the policy represented
by Aπ

t′ (S t′ ), and replace the value function with the expected
sum of costs from t + 1 and the end of the planning horizon,

Vπ
t (S t) = min

at∈At

C(S t, at) + E

 T∑
t′=t+1

γt′−tC(S t′ , Aπ
t′ (S t′ ))

∣∣∣∣∣∣∣ S t


 .

We cannot compute the expectation, so we are going to replace
it with a Monte Carlo sample. This is also a good time to
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switch from our discrete action at to vector-valued actions xt.
This gives us

V̄π
t (S t) = min

xt∈Xt

(C(S t, xt)+

1

|Ω̂|

∑
ω∈Ω̂

T∑
t′=t+1

γt′−tC
(
S t′ (ω), Xπ

t′ (S t′ (ω))
) .

The state S t′ consists of two components: the resource state
Rt′ that is controlled by our decisions xt, . . . , xt′ , and the ex-
ogenous information that we previously introduced as It′ . In
stochastic programming, it is common practice to view the ex-
ogenous information state as the entire history ht′ , and we will
continue to reference the history ht′ to develop the link with
stochastic programming. Thus, we can write S t′ = (Rt′ , It′ ) =

(Rt′ , ht′ ).
We are primarily interested in making a decision at time

t, so we are going to make the transition from approximat-
ing a policy over the entire simulation to time T to solving a
lookahead model over the interval t to t + H, where H is the
planning horizon. For example, we may want to model an en-
ergy storage problem over an entire year by solving sequences
of 24-hour optimization problems. However, even this shorter
horizon problem can be exceptionally difficult, so we have to
develop special algorithmic strategies.

Remembering that we are starting at time t in a given initial
state S t, we can write our history as

htt′ = (S t,Wt+1,Wt+2, . . . ,Wt′ ),

where t′ ranges from t to t + H. We are going to drop the ref-
erence to the unspecified policy Xπ

t′ (S t′ ) and allow ourselves
to choose actions in the future optimally, given the histories
htt′ (ω), ω ∈ Ω̂. At this point we are also going to recog-
nize that this optimization problem is a lookahead policy de-
termined by solving the optimization problem

Xπ
t (S t) = arg min

xtt
(C(S t, xtt)+

min
xt,t+1,...,xt,t+H

1

|Ω̂|

∑
ω∈Ω̂

t+H∑
t′=t+1

γt′−tC
(
S t′ (ω), xtt′ (htt′ (ω))

) ,
where there is a vector xtt′ for each history htt′ (ω), and where
the decision xtt affects the constraints for xt,t+1, . . . , xt,t+H . We
are now solving a stochastic optimization problem over a lim-
ited horizon H and a limited set of outcomes Ω̂, and yet even
this problem is quite difficult. We are going to make one last
tweak to get it into the more compact form

Xπ
t (S t) = arg min

xtt ,...,xt,t+H

1

|Ω̂|

∑
ω∈Ω̂

t+H∑
t′=t

γt′−tC(S t′ (ω), xtt′ (ω)), (10)

where xtt, . . . , xt,t+H = (xtt(ω), . . . , xt,t+H(ω)), ∀ω ∈ Ω̂. We
need to solve this optimization problem subject to the con-

straints for t′ = t + 1, . . . , t + H and all ω ∈ Ω̂,

At xtt(ω) = bt, (11)
xtt(ω) ≥ 0, (12)

At′ (ω)xtt′ (ω) − Bt′−1(ω)xt,t′−1(ω) = bt′ (ω), (13)
xtt′ (ω) ≥ 0. (14)

In this formulation, we interpret xtt′ (ω) exactly as it is written
- a single vector xtt′ for each outcome ω ∈ Ω̂ rather than the
history htt′ (ω). Instead of having one vector xtt′ for each his-
tory htt′ (which is a node in the scenario tree), we now have a
vector xtt′ for each ω ∈ Ω̂. This creates a problem that we are
allowed to see into the future, so we add the nonanticipativity
constraints

xtt′ (ω) − x̄tt′ (htt′ ) = 0, ∀ω ∈ Htt′ (htt′ ), (15)

whereHtt′ (htt′ ) is the set of outcomes ω ∈ Ω̂ where the obser-
vations Wt+1, . . . ,Wt′ match htt′ .

The challenge with this strategy is that the scenario tree
(the set of histories) explodes very quickly. A common strat-
egy is to generate a set of outcomes for Wt+1, and then sharply
limit further branching in the scenario tree for later time pe-
riods ([1], [14], [7]). We can do this because we are only
interested in the decision xtt that we are going to implement
now.

Given the complexity of solving the lookahead policy, there
is by now a substantial research literature that has grown up
around various strategies for finding near-optimal solutions.
However, it is important to realize that an optimal solution of
(10) does not mean the resulting policy is optimal. Indeed,
bounds on the quality of the solution to (10) do not directly
translate to bounds on the performance of the policy in equa-
tion (1). This is true even if we choose t + H = T , because the
lookahead model is limited by the use of a scenario tree.

While explicit lookahead policies are popular in stochastic
programming, considerable attention has been given to using
a particular class of value function approximations for solving
the lookahead model. We use the notational system of [14]
to work backward from a formulation used in stochastic pro-
gramming to the notation we have been using in approximate
dynamic programming. This progression starts with

Qt(xt−1, ξ[t]) = min
xt

(
ct xt + E{Qt+1(xt, ξ[t+1])|ξ[t]}

)
. (16)

Here, Qt is called the recourse function, but this is just differ-
ent terminology and notation for our value function Vt. ξ[t] is
the history of the exogenous information process up to time t
(which we refer to as ht). The resource vector Rt is a func-
tion of xt−1 and, if we have an exogenous component such
as R̂t, then it also depends on Wt (which is contained in ξ[t]).
This means that the state variable is given by S t = (Rt, ht) =

(xt−1, ξ[t]).
We note that it is mathematically equivalent to use xt−1 in-

stead of Rt, but in most applications Rt is lower dimensional
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than xt−1 and would be more effective computationally as a
state variable. Indeed, we would argue that while xt−1 is a suf-
ficient statistic to describe the resource state Rt, it is not nec-
essary because it carries more dimensions than are necessary.

These observations allow us to write (16) as

Qt(xt−1, ξ[t]) = min
xt

(
ct xt + Qx

t (Rx
t , ht)

)
(17)

= min
xt

(
ct xt + Qx

t (xt, ht)
)
. (18)

In the notation of dynamic programming (but retaining the lin-
ear cost structure), this would be written

Vt(S t) = min
xt

(
ct xt + V x

t (S x
t )
)
. (19)

Equation (18) is a deterministic optimization problem, which
is much more amenable to solution using the tools of math
programming. Our only challenge, then, is finding an approx-
imation of V x

t (S x
t ) = Qx

t (xt, ht). The most popular strategy
in stochastic programming is to use Benders’ decomposition,
where Qx

t (xt, ht) is replaced with a series of cuts, producing the
linear program

Vt(S t) = min
xt ,v

(
ct xt + v

)
, (20)

where

v ≥ αk
t (ht) + βk

t (ht)xt(ht), for k = 1, . . . ,K. (21)

It is standard notation in the stochastic programming commu-
nity to index these parameters as (αk

t+1(ht), βk
t+1(ht)) because

the cuts are approximating the problem at time t + 1, but the
parameters are Ft-measurable, and for this reason it is more
consistent with our notation to index them by time t.

The optimization problem (20) with (21) is a linear pro-
gram indexed by the history ht. The parameters (αk

t (ht), βk
t (ht))

are generated by simulating our way to ht+1 from ht, solving
the optimization problem at node ht+1, and then using the dual
information to update the parameters (αk

t (ht), βk
t (ht)). This type

of updating is completely familiar to the approximate dynamic
programming community. Indeed, it should be easy to see
that we are approximating the recourse function around the
post-decision state at time t given by E{Qt+1(xt, ξ[t+1])|ξ[t]} =

V x
t (S x

t ) = V x
t (Rx

t , ht) = V x
t (xt−1, ht).

While Benders’ cuts are very popular in the stochastic pro-
gramming community, they are hardly the only way to approx-
imate the value of the future. An alternative strategy is to use a
function that is linear in the (post-decision) resource variable,
as in

V̄t(S t) = min
xt∈Xt

ct xt +
∑

i

v̄tiRx
ti

 , (22)

Yet another strategy is to use an approximation that is piece-
wise linear but separable in Rx

t , as in

Vt(S t) = min
xt∈Xt

ct xt +
∑

i

V̄ti(Rx
ti)

 . (23)

Note that the approximations v̄ti and V̄ti(Rti) are not indexed by
the history ht, making these methods computationally much
more compact.

These approximation strategies highlight a critical differ-
ence that separates approximate dynamic programming from
stochastic programming. The value function approximations
(22) and (23) are calculated over the entire simulation t =

0, . . . ,T rather than just within a planning horizon t, . . . , t + H
(see [15] and [16] for illustrations). This can be an important
property when we are interested in the value functions them-
selves. In [11], we estimate value function approximations of
the form given in (23) for 175,000 time periods. This produces
a policy of the form

Xπ
t (S t) = arg min

xt∈Xt

ct xt +
∑

i

V̄ti(Rx
ti)

 , (24)

where xt is a vector with hundreds or even thousands of di-
mensions.

By contrast, the stochastic programming community is us-
ing Benders’ cuts to form a “policy” for solving the lookahead
model over time periods t, . . . , t + H. The policy that is then
used for the full model is the decision produced at time t from
solving the lookahead model. After this decision, we roll for-
ward to t + 1 and solve a new problem over the horizon t + 1
to t + 1 + H and then repeat the entire process.

The only reason this is necessary is because of the use
of the scenario tree which is generated from the current state
S t, and which limits the lookahead model to relatively shorter
horizons. If we dropped the indexing of the cuts in (21) on
the nodes in the scenario tree, then it would be possible to
use Benders’ cuts over the entire horizon t = 0, . . . ,T in one
large model. An alternative strategy would be to index the cuts
based on clusters formed around the information state (rather
than the entire history). The important idea is to draw on the
tools of machine learning [4] rather than depending on lookup
tables (nodes in the scenario tree).

Closing thoughts While both the stochastic programming
and dynamic programming communities work on sequential
decision problems, there are some important differences in cul-
tures between the two communities. While it is important to
understand differences in terminology and notation, it is also
useful to understand the differences in motivating applications
and research styles.

Research in the stochastic programming community seems
to be characterized by:

• Works exclusively on time-dependent problems.

• Primary tools are explicit lookahead policies and value func-
tions based on Benders’ cuts to exploit convexity.

• Emphasizes convergence proofs and bounds on policies for
solving an approximate lookahead model rather than the
value of a policy over long horizons.
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• Exploits convexity to handle vector-valued decisions.

• Depends heavily on the concept of scenario trees and lookup
tables rather than general purpose statistical learning algo-
rithms.

By contrast, the dynamic programming community seems to
be characterized by:

• Most of the research seems to be on infinite horizon prob-
lems, but applications to time-dependent problems are com-
mon.

• Most attention is on policies based on value function ap-
proximations and policy function approximations.

• Focus is on finding the best policy in terms of its perfor-
mance over a long (or infinite) horizon.

• More emphasis on discrete action spaces, or low-dimensional
continuous controls, without assuming convexity.

• Extensive use of machine learning techniques to approxi-
mate value functions.

These are generalizations, of course, but represent my sense
of these communities. My hope is that this discussion will help
to bridge the gap.
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