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Abstract— There are a wide array of discrete resource allo-
cation problems (buffers in manufacturing, complex equipment
in electric power, aircraft and locomotives in transportation)
which need to be solved over time, under uncertainty. These can
be formulated as dynamic programs, but typically exhibit high
dimensional state, action and outcome variables (the three curses
of dimensionality). For example, we have worked on problems
where the dimensionality of these variables is in the ten thousand
to one million range. We describe an approximation methodology
for this problem class, and summarize the problem classes where
the approach seems to be working well, and research challenges
that we continue to face.

I. I NTRODUCTION

There is a vast range of discrete resource allocation prob-
lems that arise in engineering and operational problems. How
large should the buffers be in a manufacturing assembly line?
How many transformers should a utility purchase, what type,
and where should they be stored when they are built? How
should unmanned aerial vehicles (UAV’s) be allocated to best
collect information in a military setting? How should cargo
aircraft be scheduled to respond to dynamic demands, weather
problems and equipment failures?

These problems are often most naturally formulated as
discrete dynamic programs, but these can be very difficult
to solve. The dimensionality of the state variables can easily
range from a few dozen, to several thousand to a million or
more, producing state spaces on the order of1010 − 10100

or more. The dimensionality of the control variable can be
much larger. The dimensionality of the random variables
representing new information are of a similar size.

This paper describes a class of strategies in the field of
approximate dynamic programming that are showing promise
for solving these large-scale problems.

The paper is organized as follows. We begin in Section II by
presenting a simple but general model for the management of
discrete resources. Section III describes an algorithmic strategy
using the principles of approximate dynamic programming.
Section IV reports on some numerical work from previous
research that suggests that the methods are able to solve

realistic problems to near-optimality. Section V closes with
some research challenges.

II. A BASIC MODEL

We can describe a very general class of discrete resource
allocation problems using a fairly simple modeling framework.
Throughout the paper,t = 0 represents “here and now.” The
interval from t = 0 to t = 1 is indexed as time interval 1.
Decisions are assumed to be made in discrete time, but we
view information as arriving continuously over time. Thus,
Wt may be the information that arrives during time interval
t, but xt is the decision made at timet. Any variable indexed
by t is assumed to have access to information that has arrived
up through timet (which is to say that it isFt-measurable,
using common probability conventions).

The resources are modeled using:

a = The vector of attributes that describe a single
resource,a = a1, a2, . . . , an.

A = The set of possible attributes.

Rta = The number of resources with attributea at
time t.

Rt = (Rta)a∈A.

R̂ta(Rt) = The change in the number of resources with
attributea due to exogenous information that
arrived during time intervalt.

R̂t = (R̂ta)a∈A.

The attribute vector might include location, the type of equip-
ment, other attributes such as age, repair status, and skills (for
people). In many applications, we may know about a resource
that we cannot use. For example, we may have placed an order
for a piece of equipment that might arrive days or months into
the future. A piece of transportation equipment may be in the
process of moving between two locations. In these cases, the
attribute vector captures the attributes when the resource can
be used, and includes as an attribute the time at which it can
be used.



Decisions are represented using:

d = A type of decision which can be used to act
on a resource with attributea.

Da = The set of decisions which can be used to
act on a resource with attributea.

xtad = The number of resources of typea that are
acted on with a decision of typed ∈ Da.

xt = (xtad)a∈A,d∈Da

Xt = The feasible region forxt.

At a minimum, the feasible regionXt captures the flow
conservation constraint:∑

d∈D

xtad = Rta (1)

We assume the setD always includes a decision that allows us
to “do nothing” to a resource (this is the reason why equation
(1) is written as an equality). In some problems, a decisiond
represents a decision to purchase a particular type of resource,
including its features and characteristics, when it will arrive
and where it will be located when it does arrive. In other
problems, we have resources that we can act on (changing
location, repairing, converting, turning off or on). It is useful to
represent the effect of a decision using the indicator variable:

δa′(t, a, d) =


1 If decision d, acting on a resource

with attribute a, produces a re-
source with attributesa′.

0 Otherwise

This notation allows us to write the resource dynamics using:

Rx
t,a′ =

∑
a∈A

∑
d∈Da

δa′(t, a, d)xtad (2)

Rt+1,a′ = Rx
t,a′ + R̂t+1,a′ (3)

We refer toRx
t as thepost-decisionresource vector, whileRt

is thepre-decisionresource vector.Rx
t captures what we know

about the state of the resources after we have made a decision
xt, but before any new information has arrived.

For simplicity, we assume that costs are linear, allowing us
to define:

ctad = The cost of applying decisiond to a single
resource with attribute vectora at time t.

Ct(xt) =
∑
a∈A

∑
d∈Da

ctadxtad

Without specifying how a decision is made, we define a family
of decision functions (policies):

Xπ
t (Rt) = A decision function which returnsxt ∈ Xt

given a resource vectorRt given decision
rule π ∈ Π.

Π = A set of decision functions (policies).

Our challenge is to find the best policy(Xπ
t (Rt))π∈Π that

solves:

sup
π∈Π

E

{
T∑

t=0

γtCt(Xπ
t (Rt))

}
(4)

where γ is a discount factor. We can write more general
decision functions that depend on more than just the resource
state variableRt, but this problem is enough to illustrate
our ideas. Solving (4) exactly is typically intractable, so we
propose a class of dynamic programming approximations in
the next section.

III. A N APPROXIMATE DYNAMIC PROGRAMMING

ALGORITHM

In this section, we first outline the basic approximation
strategy, which requires using a nonstandard version of the
optimality equations. Next we describe different approxima-
tion strategies for the value function, and finally describe how
these approximations can be updated at each iteration. For an
introduction to the basic ideas behind approximate dynamic
programming, see references (1) and (2).

A. Optimality recursion using post-decision state variable

In theory, we can solve our optimization problem using the
optimality equations:

Vt(Rt) = max
xt∈Xt

Ct(xt) + γE {Vt+1(Rt+1)|Rt} (5)

whereRt+1 is a function ofxt (see (2) - (3)) and the new
informationR̂t+1. It is important to keep in mind thatRt may
have hundreds, thousands or tens of thousands of dimensions.
The allocation vectorxt is usually larger. The information
vectorR̂t+1 is of similar dimensions. To provide an indication
of how large the state space is, ifN =

∑
a∈A Rta is the

number of resources we are managing, ifR is the space of
outcomes ofRt, the number of possible values that the vector
Rt can take on is given by:

|R| =
(

N + |A| − 1
|A| − 1

)
(6)

Not surprisingly, this state space gets very large, very quickly
even for moderateN . In transportation applications, we might
be managing thousands of people or pieces of equipment, with
attribute spaces that can reach into the thousands or hundreds
of thousands.

We start by recognizing that the myopic problem:

max
xt∈Xt

Ct(xt) (7)

is typically a linear or integer program that can be solved
using commercially available solvers. Since we are allocating
discrete resources, we have to solve an integer program, but
it is often the case that ignoring integrality still produces
optimal solutions that are integer. This occurs because many
discrete resource allocation problems exhibit network or near-
network structure, producing integer optimal solutions. Losing
this property can significantly complicate the solution of these
problems. Not surprisingly, we would like to approximate our
problem in a way that retains the structure of the myopic
problem.

Our approximation strategy requires several steps. First, the
optimality equation written in (5) is formulated aroundRt,



which we have referred to as the pre-decision state variable.
While this is most common, we are going to use the optimality
equation formulated around the post-decision state variable
Rx

t . This is given by:

V x
t−1(R

x
t−1) = E

{
max
xt∈Xt

Ct(xt) + γV x
t (Rx

t (xt))|Rx
t−1

}
(8)

We next drop the expectation and solve the problem for a
single realization of the information̂Rt that would be known
when we make the decisionxt:

V x
t−1(R

x
t−1, ω) = max

xt∈Xt(ω)
Ct(xt, ω) + γV x

t (Rx
t (xt)) (9)

Finally, we replace the value function with a conveniently
chosen approximation (to be discussed below):

∼
V

x

t−1 (Rx
t−1, ω) = max

xt∈Xt(ω)
Ct(xt, ω) + γV̄t(Rx

t (xt)) (10)

whereV̄t(Rt) is our approximation, and
∼
V

x

t−1 (Rx
t−1, ω) is a

placeholder. At this point we have eliminated the problematic
expectation (one of our curses of dimensionality). The key now
is to choose a suitable continuous approximation forV̄t(Rt)
that allows us to solve (10). The idea is to then use information
derived from solving this problem to update the approximation
V̄t−1.

B. Approximation strategies

A general approximation strategy that has been widely
studied in approximate dynamic programming is to start with
a set of basis functionswhich are calculations using the
state variable that produce results that are felt to explain the
behavior of the system (see references (3), (4)). We start by
defining a set of basis functions:

φb(Rt) = A function of the (resource) state variable,
b ∈ B, where:

B = The set of basis functions

We might then approximate our value function using:

V̄t(Rt|θ) =
∑
b∈B

θbφb(Rt) (11)

whereθ = (θb)b∈B is a set of parameters to be determined (for
time-dependent problems,θ may also be time-dependent).

A basis function may be as simple as the number of
resources with a particular attribute vector:

φa(Rt) = Rta (12)

For more complex resources with perhaps a dozen or more
attributes, it is natural to define aggregations on the attribute
vector. LetG(a) represent an aggregation ofa, and letG :
A → Ag, whereAg is the aggregated attribute space. We can
define a set of basis functions whereB = Ag, and define the
basis function using:

φb(Rt) =
∑
a∈A

Rta1{G(a)=b}

In many resource allocation problems, the value of additional
resources declines with the number of resources. For example,
in manufacturing, bigger buffers reduce blockages, but there
are declining marginal returns. Having more transportation
equipment may increase revenues, but again, there are typi-
cally declining marginal returns. With this insight, we may
conclude that a good basis function also exhibits declining
returns, and we may use functions such as:

φa(Rt) =
√

Rta (13)

If we use the value function in (11) with basis functions such
as those given by (12) or (13), then we would say that our basis
function is linear in the parameters. But we might decide that
our function has declining marginal returns, but we are not
sure that a square root function is the best. Instead we might
propose:

φa(Rt) = (Rta)−βa

where the vectorβ = (βa)a∈A is another vector of parameters
to be estimated. Now we have a value function approximation
which is nonlinear in the parameters.

For discrete resource allocation problems, a particularly
powerful strategy is to use piecewise linear functions:

V̄ta(Rt) =
∑
a∈A

bRtac∑
i=1

v̄tai + (Rta − bRtac)v̄tadRtae


(14)

where v̄ta = (v̄tai)i is our vector of parameters to be esti-
mated. The separable, piecewise linear approximation in (14)
does not fit the structure of a basis function, so we use slightly
different notation. The parameterv̄tai is an approximation of
the slope of the value function whenRta = i. For the special
case of a linear approximation (where we mean linear in the
resource state vector), we propose the notation:

V̄t =
∑
a∈A

v̄aRta

In both (15) and (14), the parameters to be estimated both
represent approximations of the slope of the value function.
We exploit this observation in the next section when we
describe an updating strategy.

C. Estimation strategies

If we use a linear or piecewise linear approximation struc-
ture, solving problems of the form:

max
xt∈Xt(ω)

Ct(xt, ω) + γV̄t(Rx
t (xt)) (15)

subject to, for alla ∈ A:∑
d∈Da

xtad = Rt−1,a + R̂ta(ω) (16)

xtad ≥ 0 (17)

means solving a linear program. We may have additional
constraints, but we must have flow conservation (16) and



nonnegativity (17). When we solve (15)-(17) using a linear
programming package, we obtain dual variables for equation
(16). Let v̂ta be the dual variable for the resource constraint
Rta. Remember that this is a random variable since it depends
on the outcomeω, producing a realization of the information
vector R̂ta(ω).

We can usev̂ta to help estimate the expected marginal
value of an additional resource. Assume that our current
estimate (after then − 1st iteration) of the slope of the
value ofRt−1,a is v̄n−1

t−1,a. v̂n
ta is a sample estimate given the

information R̂ta(ωn), whereωn is the sample at iterationn.
If we are estimating a linear approximation, we would update
our estimate of the slope using:

v̄n
t−1,a = (1− αn)v̄n−1

t−1,a + αnv̂n
ta (18)

where0 ≤ αn ≤ 1 is the stepsize at iterationn. We note that
v̂n

ta is indexed byt (following our convention) because it is
a sample realization using information from timet. v̄n

t−1,a

is indexed byt − 1 because it is an approximation of an
expectation at timet− 1 (before the information during time
interval t becomes available).

It is important to appreciate a critical difference between
our updating scheme and traditional estimation methods in
approximate dynamic programming. In the vast majority of
applications, the parameter vectorθ is estimated using obser-
vations of the value function. Using our notation, by iteration

n we would have observed
∼
V

x,m

t−1 (Rx,m
t−1 , ωm) for stateRx,m

t−1

for m = 1, 2, . . . , n. Classical applications of approximate
dynamic programming would use the sequence of observations

of the pairs(
∼
V

x,m

t−1 , Rx,m
t−1 ) to estimate the best value of the

vectorθ (or θt). That is, at each iteration we could solve:

θn
t = arg max

θ

n∑
m=1

(V̄t(R
x,m
t |θ)−

∼
V

x,m

t )2

Solving this nonlinear programming problem is impractical in
many applications, but we can use recursive methods. But the

major limitation is that we obtain a single observation
∼
V

x,n

t at
each iteration, from which we have to estimate a potentially
very large vectorθt. For our problem, we obtain a vectorv̂n

t =
(v̂n

ta)a∈A at each iteration. Furthermore, the updating method
is quite simple, making the method computationally attractive
for large-scale problems.

For many applications, linear (in the resource vector) ap-
proximations will not produce the best results. If we obtain
an estimatēvn

ta that is too high, we may be more likely to
create too many resources with attributea. As v̄n

ta bounces
up and down from one iteration to the next, the system may
swing wildly from too many resources (of this type) to too
few.

If this behavior occurs, a nonlinear (piecewise linear) ap-
proximation may be much more stable. These are still quite
easy to estimate. If we observe the resource vectorRx,n

t−1 and
obtain a marginal valuêvn

ta, we can update the slopēvt−1,ai

corresponding to the segmenti = Rx,n
t−1.

v̄n
t−1,ai = (1− αn)v̄n−1

t−1,ai + αnv̂n
tai (19)

TABLE I

PERCENTAGE OF OPTIMAL SOLUTION(FROM LP SOLVER) OBTAINED

USING PIECEWISE LINEAR, SEPARABLE APPROXIMATIONS(FROM (7)).

Planning Horizon
Locations 15 30 60

20 100.00% 100.00% 100.00%
40 100.00% 99.99% 100.00%
80 99.99% 100.00% 99.99%

One problem with this updating system is that we are depend-
ing on maintaining a sequence of value function approxima-
tions that are concave (convex if we are minimizing). Updating
the single slopēvn−1

t−1,ai using the random outcomêvn
tai may

easily produce a slope that violates concavity, where we would
require thatv̄n

t−1,a,i−1 ≥ v̄n
t−1,ai ≥ v̄n

t−1,a,i+1. There are,
however, several simple methods for maintaining concavity.
Let v̂n(ω) be our sample estimate of a slope when the resource
level Rn(ω) = r, and let

ṽn
r = (1− αn)v̄n

r + αnv̂n(ω)

We can regain concavity by applying the following simple
procedure:

v̄n+1
r =


ṽn

r if Rn(ω) = r
ṽn

r if Rn(ω) = i < r and ṽn
r < v̄n

r

ṽn
r if Rn(ω) = i > r and ṽn

r > v̄n
r

v̄n
r otherwise

(20)

There are other methods (see, for example, references (5) and
(6)), but this illustrates the basic idea of maintaining the basic
structure of the approximation.

A major benefit of using piecewise linear functions is that
we do not have to assume a functional form for the approxima-
tion. The downside would appear to be the need to estimate a
large number of parameters (that is, every slope, as opposed to
a few parameters of a polynomial approximation). However,
using structure such as concavity dramatically improves the
rate of convergence, since an observation of one slope may
produce updates to other slopes.

IV. SOME EXPERIMENTAL RESULTS

Computational experiments have been very promising on
certain classes of resource allocation problems. Optimal so-
lutions are not available, so other strategies are needed to
provide a measure of solution quality. One strategy is to solve
a deterministic problem, since we can solve these problems
using commercial linear programming solvers. Table I reports
on a set of experiments involving the movement of transporta-
tion containers between 20, 40 and 80 locations, for problems
with 15, 30 and 60 time periods. In all cases, using piecewise
linear, separable approximations produced solutions that were
virtually optimal.

The method has been applied to two-stage resource al-
location problems. This is a special problem class where
you allocate resources (often, you have to acquire them)
and then live with the consequences. If the second stage is



TABLE II

THE AVERAGE OBJECTIVE FUNCTION VALUE NORMALIZED BY THE

AVERAGE OF THE POSTERIOR BOUNDS FOR EACH SAMPLE REALIZATION

FOR LINEAR AND PIECEWISE LINEAR, SEPARABLE APPROXIMATIONS,

COMPARED TO A ROLLING HORIZON APPROXIMATION(FROM (8)).

Locations Approx. Mean Std.
dev.

Linear 84.55 2.339
10 Separable Concave 95.18 2.409

Rolling Horizon 91.45 2.348
Linear 80.52 2.463

20 Separable Concave 95.48 2.153
Rolling Horizon 88.91 1.930

Linear 74.13 1.816
40 Separable Concave 92.21 0.465

Rolling Horizon 86.89 0.772

separable (there is no substitution), then the piecewise linear
approximations have been shown to be optimal, but it appears
to provide near optimal solutions, with much faster rates of
convergence than existing methods, even when the second
stage is nonseparable (see references (6)).

We do not have optimal solutions for multistage stochastic
resource allocation problems, but we can compare against clas-
sical rolling horizon experiments where decisions at timet use
point forecasts of future events. After implementing decisions
for time periodt, we step forward in time, sample from the
forecasts and then solve a new problem. Table IV summarizes
the results for both linear and piecewise linear approximations,
against the results from a rolling horizon heuristic. The results
indicate that the linear approximation does not work well,
but the separable, piecewise linear approximation works quite
well.

This work suggests that these approximations can work well
for certain problem classes. These tests have been done in the
context of managing discrete resources (boxcars, containers,
trucks, planes) used in transportation. In all these experiments,
we are managing a resource (the equipment) to serve tasks
(loads to be moved, passengers to be served, flights to be
covered) which must be covered at a certain point in time.

V. RESEARCH CHALLENGES

Whenever an algorithmic strategy works well for a problem
class, the natural question is the range of problems for which
the strategy can be expected to work well. In this section, we
touch on some complications that require additional research.

A. Complex attribute spaces

It is not unusual when modeling large numbers of resources
to model them in a fairly simple way. Containers in freight
transportation might be characterized by the type of container
and its location. An electric power transformer might be
described by the type of transformer, its location and its age.

In practice, even simple resources can become surprisingly
complicated. A boxcar (used by railroads) might need the
attributes of maintenance status, ownership and in-transit sta-
tus (as well as location and type). People (pilots, equipment

operators) and complex equipment (aircraft, locomotives) may
require a dozen attributes or more. Very quickly, the attribute
spaceA may grow too large to enumerate.

The results above assumed that we could enumerate the
attribute space, obtaining a complete gradient, with a value
v̂ta for all a ∈ A. This assumption is fairly critical. When
the resources become too complicated, we encounter our own
curse of dimensionality. In fact, it is useful to think of the
attribute vectora as the state of a single resource. If this state
space is too big, we have problems.

When we are managing large numbers of resources, it is
natural to obtain the gradientŝvta wheneverRta > 0. This
is comparable to obtaining the value of being in a state for
only the states we have visited. Overcoming this problem
requires resorting to familiar techniques used in discrete
dynamic programming such as aggregation. For example, let
G : A → Ag be an aggregation function on the attribute space
A. Each time we find a marginal valuêvta for somea, we may
update an aggregated estimatev̄g

ta for a ∈ Ag. We can then
use an aggregated value function̄V g(R) =

∑
a∈Ag v̄g

taRta.
We then face the typical problem of finding the best level of
aggregation.

Our work has shown that there is no single best level of
aggregation. The best level of aggregation depends largely on
how many observations we have of each part of the attribute
space. This depends on how many iterations we have run the
algorithm, and we also have to recognize that some attributes
are visited more often than others. Recognizing this, it makes
sense to use a series of aggregation functionsG. Let wg

a be
the weight given to thegth level of aggregation when we
are estimating the value of attributea. Our value function
approximation would then be given by:

V̄t(Rt) =
∑
g∈G

∑
a∈Ag

wg
av̄g

a

An effective method for computing the weights is as follows.
Let (s2

a)g be an estimate of the variance ofv̄g
a. For higher

levels of aggregation, we obtain more observations (which
decreases(s2

a)g) but more greater errors due to the effects
of aggregation (which increases(s2

a)g). Typically, this method
puts higher weights on more aggregate levels initially, with
increasing weights on the more disaggregate levels as the
number of iterations increases. While there is modest overhead
to compute(s2

a)g, the result is a smooth transition from higher
to lower levels of aggregation, depending on how many times
we sample an attributea.

An indication of the effectiveness of this strategy is given
in figure 1, which shows the objective function produced at
each iteration using two levels of aggregation, and a weighted
combination of the two.

B. Multiple resource classes

Up to now we have considered problems with a single
resource class. Many problems involve managing a single
type of resource characterized by an attribute spaceA. More
complex problems involve multiple classes: aircraft and pilots;
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Fig. 1. Value of hierarchical learning with complex attributes

locomotives and trains; programmers and programming jobs;
military aircraft and refueling tankers. In these problems,
we have to manage two different classes of resources which
interact with each other.

The simplest type of two class problem arises when re-
sources are used to serve customer demands (jobs, tasks)
which if unserved, are held for later. Known in some com-
munities as backlogging, we have to model both the state of
the resources, and the state of the unserved demands.

Such problems are characterized by a resource vector which
might be given byRt = (Rresource

t , Rdemand
t ). The question

is: what type of value function approximation will be effective?
We have been working with separable approximations (across
the attribute space), but can we extend this to multiple resource
classes:

V̄t =
∑

a∈Aresource

V̄ resource
ta (Rresource

ta ) +∑
a∈Ademand

V̄ demand
ta (Rdemand

ta )

There is limited evidence that indicates that this can work
((9)), but intuition suggests that such a strategy may have
problems. The value of a particular number of resources
depends, naturally, on the number of demands to be served.
This simple observation argues for a nonseparable approxi-
mation, which can be quite hard to build if we are managing
discrete resources. It is very useful having piecewise linear
approximations defined on the integer lattice. This is much
easier to do for a scalar function.

It is possible, of course, to propose an approximation by
suggesting a series of basis functions which might include
products between the resource classes as well as separable
functions of the resource classes themselves. For the case
of discrete resources, such approximations produce difficult
integer nonlinear programming problems which are likely to
be intractable for large problems. There may be opportunities
to take advantage of techniques from stochastic integer pro-

gramming (see, for example, references (10)), but this is an
area for future research.

VI. CONCLUSIONS

The problem of managing multiple discrete resources can
dramatically increase the size of the state space. We describe
an algorithmic strategy based on the use of continuous, sep-
arable value function approximations, along with a form of
the optimality equations that depends on using a post-decision
state variable, which is proving useful on particular classes of
problems.
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