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Abstract

The purpose of this paper is to illustrate the importance of using structural results in dynamic programming al-

gorithms. We consider the problem of approximating optimal strategies for the batch service of customers at a service

station. Customers stochastically arrive at the station and wait to be served, incurring a waiting cost and a service cost.

Service of customers is performed in groups of a fixed service capacity. We investigate the structure of cost functions

and establish some theoretical results including monotonicity of the value functions. Then, we use our adaptive dynamic

programming monotone algorithm that uses structure to preserve monotonicity of the estimates at each iterations to

approximate the value functions. Since the problem with homogeneous customers can be solved optimally, we have a

means of comparison to evaluate our heuristic. Finally, we compare our algorithm to classical forward dynamic

programming methods.

� 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

In this paper we identify the importance of using structural results in forward dynamic programming
algorithms. Classical forward dynamic programming methods estimate the value at time t of being in each
state independently of neighboring states. Our structural forward dynamic programming algorithm uses the
properties of the value function to make inferences of the value of states that we have not visited from the
values of neighboring states. We consider the problem of optimizing the serving of batches of customers
over time. The simplicity of this problem enables us to gain an understanding of the structure of the
problem by establishing results on the shape of the value functions. The case of homogeneous customers
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can be solved optimally using backward dynamic programming which gives us the ability to evaluate the
performance of our methods. The eventual goal of the research is to develop approximations that can be
used to produce computationally tractable algorithms for vector-valued problems such as the problem with
heterogeneous customers (but we do not consider this generalization in this paper).

The batch service problem consists of customers stochastically arriving at a service station at discrete
time intervals over a finite horizon, incurring a waiting cost and a service cost. The basic decision is whether
or not a batch of customers should be served if it is less than the size of the service capacity. Thus, there is a
tradeoff between customer waiting costs and the cost of serving a batch. The randomness in the model
comes from the exogenous stochastic nonstationary arrival process. We assume stationary deterministic
service cost per batch and waiting cost per customer.

There are several variations of the problem depending on whether or not we assume that certain vari-
ables and model parameters are nonstationary or stochastic. In the case where arrivals of customers, server
availability, service cost of a batch and possibly other model parameters are all stochastic, our outcome
space becomes multidimensional. We could also consider problems where customers belong to different
classes. These variations produce state, outcome and decision spaces that are multidimensional, making the
problem intractably complex. For such problems, we would have to resort to approximation techniques
based on the principles of forward dynamic programming (see Bertsekas and Tsitsiklis, 1996; Sutton and
Barto, 1998), which use approximations of the value function to move forward in time, updating estimates
of the value function as the algorithm proceeds.

In this paper, we study a simple scalar version of a stochastic, batch dispatching process, where we can
easily obtain optimal solutions using classical techniques. We use the optimal solution to evaluate the
quality of different approximation methods which could be applied to more complex problems. We then
compare the optimal solution to two classes of forward dynamic programming techniques (performed in
the context of finite horizon problems) using discrete value function approximations. The first class uses
observations of the value of being in a state to update the estimate of the value function. The second does
the same, but also uses the structure of the function to impose additional updating steps to maintain this
function. The version of the algorithm that maintains the structure of the function produces errors that
appear to be an order of magnitude smaller than the technique that does not impose structure. We feel that
this experiment serves to highlight the importance of identifying and exploiting problem structure in the
estimation of value functions.

Our basic problem has a fairly rich history in the literature. It was first studied by Kosten (1967) (see also
Medhi, 1984; Kosten, 1973), who described a custodian who dispatches trucks whenever the number of
waiting passengers exceeds a certain threshold. Deb and Serfozo (1973) were the first to prove that in steady
state the optimal decision rule of this system was monotone and therefore had a control limit structure,
thereby proving the optimality of Kosten’s custodian. They assume that the waiting cost per customer is an
increasing function of the number of customers waiting in the queue. Weiss and Pliska (1976) assume that
the waiting cost per customer is a function hðwÞ if a customer has a waiting time w. They show that the
optimal service policy is to send the vehicle if the server is available and the marginal waiting cost is at least
as large as the optimal long run average cost. This is termed a derivative policy, in contrast to the control
limit policy proved by Deb and Serfozo. The basic model is generalized in Deb (1978a) to include switching
costs, and has been applied to the study of a two-terminal shuttle system where one or two vehicles cycle
between a pair of terminals (Ignall and Kolesar, 1972, 1974; Barnett, 1973; Deb, 1978b; Weiss, 1981; Deb
and Schmidt, 1987).

Once the structure of an optimal policy is known, the primary problem is one of determining the ex-
pected costs for a given control strategy, and then using this function to find the optimal control strategy.
There has developed an extensive literature on strategies for steady state bulk queues, beginning with the
original paper by Bailey (1954) (which did not consider a control strategy). Several authors have suggested
different types of control strategies, motivated by different cost functions than those considered above.
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Neuts (1967) introduced a lower limit to the batch size and termed the result a general bulk service rule.
Powell (1985) was the first to introduce general holding and cancellation strategies, where a vehicle de-
parture might be cancelled for a fixed period of time if a dispatch rule has not been satisfied within a period
of time (reflecting, for example, the inability to keep a driver sitting and waiting). Powell and Humblet
(1986) present a general, unified framework for the analysis of a broad class of (Markovian) dispatch
policies, assuming stationary, stochastic demands. Excellent reviews of this literature are contained in
Chaudhry and Templeton (1983) and Medhi (1984).

Speranza and Ukovich (1994, 1996) study the multiproduct single link problem by determining fre-
quencies at which several products have to be shipped to minimize transportation and inventory costs.
They develop integer and mixed integer linear programming models. Bertazzi and Speranza (1999a,b)
consider the shipments of products from an origin to a destination through one or several intermediate
nodes, and present several classes of heuristic algorithms including decomposition of the sequence of
links, an EOQ-type solution and a dynamic programming-based heuristic. However, both models assume
supply and demand rates are deterministic and constant over time. In Bertazzi et al. (2000) techniques of
neuro-dynamic programming are implemented to approximate a stochastic, multiproduct version of the
problem.

This paper makes the following contributions:

1. We show that the value function for the problem is monotone. This property has been shown (see, for
example, Puterman, 1994) for the problem with infinite capacity, but we have not seen it for the finite
capacity case.

2. We also show that the value function is K-convex, where K is the capacity.
3. Using K-convexity, we are able to also establish monotonicity of the dispatch function, a result that is

well-known for the infinite capacity case but has not been established for the finite capacity case.
4. Finally, we show that a forward dynamic programming algorithm that exploits the structure of the value

function (in particular monotonicity) dramatically improves solution quality when compared against the
optimal solution.

We begin by defining the basic problem in Section 2. Section 3 provides theoretical results on the ho-
mogeneous batch service problem including structural properties of cost functions and a proof of the
control limit structure of the service process. In Section 4 we introduce our monotone adaptive dynamic
programming algorithm and compare it to the classical forward dynamic programming algorithm. The
experiments and results are described in Section 5.

2. Problem definition

In this section we formally introduce the problem for homogeneous customers and we develop the basic
model which is used for the rest of the paper. We state the assumptions, define the notation and the
functions associated with the model.

We consider the problem of customers arriving at a station waiting to be served. Customers are served in
groups by a server with finite service capacity. The service of customers can occur at discrete points in time
called decision epochs and we evaluate the model for finitely many decision epochs (finite time horizon).
Arrivals of customers occur at the service station at each time period; we assume only that the number of
arrivals in each time period is independent of other time periods. Apart from arrivals and variables that
depend on arrivals, all other variables, functions and parameters are assumed to be deterministic. The
problem consists of determining optimal service policies to minimize total discounted costs by finding a
trade-off between service and waiting costs.
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Parameters
c cost to perform a batch service
h penalty per time period per customer for waiting at the station
K service capacity, maximum number of customers that can be served in a batch
T planning horizon for the model
a discount factor

We assume constant cost parameters of batch service and waiting per customer.

2.1. The stochastic process

We assume an exogeneous stochastic process of arrivals. Let

x ¼ ða1; a2; a3; . . . ; aT Þ;

where at 2 A is a realization of the number of customers arriving at the station at decision epoch t, and A
is the set of all possible arrivals. x is a particular instance of a complete set of arrivals.

We can now define a standard probability space ðX;F;PÞ, where X is the sample space of all x’s, F is
the r-algebra defined over X, and P is a probability measure defined over F. We refer to F as the in-
formation field. We go further and let Ft be the information sub-field at time t, representing the set of all
possible events up to time t. Since we have Ft � Ftþ1, the process fFtgTt¼1 is a filtration.

We define At : X ! A such that AtðxÞ ¼ at to be the random variable that determines the arrivals at time
t. The process fAtgTt¼1 is our stochastic arrival process.

Now, we are ready to define our state variable. The physical quantity that the state describes is the
number of customers waiting at the station to be served at a specified time epoch. We let S be the set of
allowable states:

St : X ! S.
St: the random variable that determines the number of customers at the station at time t.
st: a realization of the number of customers at the station at time t.

The state of the system at time t, st, is measured at decision epoch t. We assume that arrivals occur at the
station just before the decision epoch and service occurs just after the decision epoch.

2.2. Policies

We define the decision variables as follows:

zt ¼
1 if a service is performed at time t;
0 otherwise;

�

z ¼ fz0; . . . ; zT
1g:

We define the decision rules by Zt : S ! f0; 1g, where f0; 1g is our action space with action 1 for service
and 0 for no service. We define our decision rules to depend only on the current state and not on the history
of states. A set of decision rules over the time horizon is a policy p;

p ¼ ðZp
0 ; Z

p
1 ; . . . ; Z

p
T
1Þ:

The set of all policies p is denoted P.
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2.3. System dynamics

Given that at time t, we were in state StðxÞ and we chose action zt, and given that the arrivals at time
t þ 1 are Atþ1ðxÞ, then we can derive the state variable at time t þ 1.

Stþ1ðxÞ ¼ ½StðxÞ 
 Kzt�þ þ Atþ1ðxÞ ð1Þ
for all x 2 X. For a given x 2 X, we can generate the state process fSp

t g
T
t¼0 using (1) according to some

policy p.
We are now ready to introduce the transition probabilities

qtðiÞ ¼ ProbðAt ¼ iÞ;

ptþ1ðstþ1jst; ztÞ ¼ ProbðStþ1 ¼ stþ1jst; ztÞ;

ptþ1ðjjs; 0Þ ¼
qtþ1ðj
 sÞ; jP s;
0; otherwise;

�
ð2Þ

ptþ1ðjjs; 1Þ ¼
qtþ1ðjÞ; s6K; jP 0;
qtþ1ðj
 ðs
 KÞÞ; s > K; jP s
 K;
0; otherwise;

8<
: ð3Þ

Ptþ1ðstþ1jst; ztÞ ¼
X1
j¼stþ1

ptþ1ðjjst; ztÞ: ð4Þ

2.4. Cost functions

We use the following cost functions:

• gtðst; ztÞ ¼ cost incurred in period t, given state st and service decision zt½¼ czt þ hðst 
 KztÞþ�,
• gT ðsT Þ ¼ terminal cost function,
• F ðS0Þ ¼minp2P Ef

PT
1
t¼0 atgtðSt; Zp

t ðStÞÞ þ aT gT ðST Þg.

We calculate gt in period t. The objective function F ðS0Þ is the expected total discounted cost minimized
over all policies p.

To simplify notation we let

wtðst; ztÞ � gtðst; ztÞ þ a
X
s02S

ptþ1ðs0jst; ztÞVtþ1ðs0Þ:

Finally, we define the value functions to be the functions Vt , for t ¼ 0; 1; . . . ; T , such that the following
recursive set of equations holds:

VtðstÞ ¼ min
zt

gtðst; ztÞf þ aE½Vtþ1ðstþ1Þjst; zt�g ð5Þ

for t ¼ 0; 1; . . . ; T 
 1. These are the optimality equations which can also be written in the form

VtðstÞ ¼ min
zt

gtðst; ztÞ
(

þ a
X
s02S

ptþ1ðs0jst; ztÞVtþ1ðs0Þ
)
; ð6Þ

¼ min
zt

wtðst; ztÞf g ð7Þ
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for t ¼ 0; . . . ; T 
 1. Our goal is to solve the optimality equations which is equivalent to solving the ob-
jective function F ðS0Þ. For a scalar state variable this can be solved optimally using dynamic programming
techniques.

3. Theoretical results

In this section we establish some theoretical results for the problem with homogeneous customers, in the
form of structural properties. The major properties are stated and explained in Section 3.1 along with some
technical properties. Section 3.2 provides proofs for all the properties. These results are used in Section 3.3
to derive corollaries on the behavior of the optimal decision rules.

3.1. Structural properties

The model we developed for the homogeneous customer problem has certain structural properties that
we state in this section. These results are used to develop approximations of the value function and ap-
proximate the optimal decision rule.

We begin with a few definitions.

Definition 1. Let f ðx; yÞ be a real valued function on X � Y . We say that f is submodular on X � Y , if for
xþ P x
 in X and yþ P y
 in Y ,

f ðxþ; yþÞ 
 f ðxþ; y
Þ6 f ðx
; yþÞ 
 f ðx
; y
Þ: ð8Þ
There is an easier way to check for submodularity of a function which is presented in Puterman (1994,

Lemma 4.7.6, p. 110).

Lemma 3.1. Let f ðs; zÞ be a real valued function defined on S � Z, with Z ¼ f0; 1g and S ¼ f0; 1; . . .g. If
f ðs; zÞ satisfies

f ðsþ 1; 1Þ 
 f ðsþ 1; 0Þ6 f ðs; 1Þ 
 f ðs; 0Þ ð9Þ
for all s, it is submodular on S � Z.

During the following discussion we use both of the above methods to prove submodularity. Another
important property is what we call K-convexity:

Definition 2. A function u defined on S ¼ f0; 1; 2; . . .g is K-convex if for sþ > s
:

uðsþ þ KÞ 
 uðs
 þ KÞP uðsþÞ 
 uðs
Þ ð10Þ
for some positive integer K.

In our work, K represents the capacity of the batch.
We start with the structural properties.

3.1.1. Major properties

Property 1. The value function VtðsÞ is nondecreasing in s for t ¼ 0; . . . ; T .

Property 2. The value function VtðsÞ is K-convex for t ¼ 0; . . . ; T .

We defer the proofs of these properties until later.
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Properties 1 and 2 characterize a nondecreasing value function with the extra property of K-convexity
(see Fig. 1); these properties are important because they give us insights into the shape of the value function.
Knowledge of the shape of this function gives us ideas on what kind of approximations to use. Since these
properties are structural results, they are particularly useful in deriving functional approximations. Suppose
we have approximated the value function V̂V , at a specific state �ss, then monotonicity gives us information
about the value at other states. For example, if s > �ss, then V ðsÞ > V̂V ð�ssÞ and for s < �ss, we have V ðsÞ < V̂V ð�ssÞ.
K-convexity is important when comparing states that are K units apart.

We also introduce the following technical properties that are either intermediate results that arise in the
process of deriving the major properties (Properties 3–6) or corollaries derived from the major results
(Property 7).

3.1.2. Technical properties

Property 3. The cost function gtðs; zÞ is nondecreasing in s.

Property 4. The cost function gtðs; zÞ is submodular on S � f0; 1g.

Property 5. Ptþ1ðs0js; zÞ is nondecreasing in s for all s0 2 S, z 2 f0; 1g.

Property 6. wtðsþ þ K; 1Þ 
 wtðs
 þ K; 1Þ ¼ wtðsþ; 0Þ 
 wtðs
; 0Þ:

Property 7. The function
P1

j¼0 ptþ1ðjjs; zÞVtðjÞ is submodular for all t ¼ 1; . . . ; T .

3.2. Proofs of properties

The aim of this section is to prove the major structural results and the technical properties stated in
Section 3.1.

We start with the proofs of Properties 3–5. These along with a lemma from Puterman (1994) give us the
result of monotonicity of the value function (Property 1).

Property 3 is obvious from the definition of gt.

Fig. 1. A K-convex function with K ¼ 10.
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Proof of Property 4. We want to show submodularity of gt by establishing:

gtðsþ; 1Þ 
 gtðsþ; 0Þ6 gtðs
; 1Þ 
 gtðs
; 0Þ: ð11Þ
Substituting the function gt into (11), we must show that

cþ hðsþ 
 KÞþ 
 hsþ 6 cþ hðs
 
 KÞþ 
 hs
;

which simplifies to

ðsþ 
 KÞþ 
 sþ 6 ðs
 
 KÞþ 
 s
: ð12Þ
Since sþ P s
, ðsþ 
 KÞþ ¼ 0 ) ðs
 
 KÞþ ¼ 0. This implies there are three possible cases for Eq. (12):
Case 1. ðsþ 
 KÞþ > 0 and ðs
 
 KÞþ > 0. In this case, (12) reduces to K ¼ K.
Case 2. ðsþ 
 KÞþ > 0 and ðs
 
 KÞþ ¼ 0. Here (12) reduces to s
 6K, which follows since

ðs
 
 KÞþ ¼ 0 implies that s
 6K.
Case 3. ðsþ 
 KÞþ ¼ 0 and ðs
 
 KÞþ ¼ 0. Now (12) reduces to s
 6 sþ. �

Proof of Property 5. Property 5 is equivalent to showing that

P ðs0jsþ 1; zÞP P ðs0js; zÞ;

which is the same as showing

Prob½ðsþ 1
 KzÞþ þ AP s0�PProb½ðs
 KzÞþ þ AP s0�:

Let X ðxjs; zÞ ¼ ðsþ 1
 KzÞþ þ AðxÞ and Y ðxjs; zÞ ¼ ðs
 KzÞþ þ AðxÞ. Clearly X ðxjs; zÞP Y ðxjs; zÞ. De-
fine the events EY ¼ fxjY ðxjs; zÞP s0g and EX ¼ fxjX ðxjs; zÞP s0g. X P Y implies that EY � EX which
implies that Prob½X P s0� ¼ Prob½EX �PProb½EY � ¼ Prob½Y P s0�, which proves our result. �

We use the following result from Puterman (1994, Lemma 4.7.3, p. 106) to prove Property 1.

Lemma 3.2. Suppose the following statements hold:

1. gtðs; zÞ is nondecreasing in s for all z 2 f0; 1g and t ¼ 0; . . . ; T 
 1.
2. Ptþ1ðs0js; zÞ is nondecreasing in s for all s0 2 S, z 2 f0; 1g.
3. gT ðsÞ is nondecreasing in s.

Then VtðsÞ is nondecreasing in s for t ¼ 0; . . . ; T .

We are now ready to prove monotonicity of the value function:

Proof of Property 1. The first assumption of Lemma 3.2 comes from Property 3. The second assumption is
Property 5. The third assumption we have for free if we assume a zero terminal cost function: gT ðsÞ ¼ 0.
Thus the value function VtðsÞ is nondecreasing for all t ¼ 0; . . . ; T . �

The next step is to prove K-convexity of the value function (Property 2). In order to do that we first
prove Property 6 and two intermediate lemmas. Lemma 3.4 is proved by induction on t and it uses Lemma
3.3 and Property 6 in the induction step.

Proof of Property 6. We substitute wt in (6) and split it into two equalities. The first contains only the
immediate cost functions gt and the second contains the expected value functions for the next time period.
Adding the two equalities gives the desired result.
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Thus we first prove:

gtðsþ þ K; 1Þ 
 gtðs
 þ K; 1Þ ¼ gtðsþ; 0Þ 
 gtðs
; 0Þ:
Substituting gt, we get

cþ hðsþ þ K 
 KÞþ 
 c
 hðs
 þ K 
 KÞþ ¼ hsþ 
 hs
;

which is obviously true after performing the cancellations.
We also need to prove thatX1

j¼0

ptþ1ðjjsþ þ K; 1ÞVtþ1ðjÞ 

X1
j¼0

ptþ1ðjjs
 þ K; 1ÞVtþ1ðjÞ

¼
X1
j¼0

ptþ1ðjjsþ; 0ÞVtþ1ðjÞ 

X1
j¼0

ptþ1ðjjs
; 0ÞVtþ1ðjÞ: ð13Þ

Substituting the transfer probabilities from (2) and (3) we have the following equality:X1
j¼sþ

qtþ1ðj
 sþÞVtþ1ðjÞ 

X1
j¼s


qtþ1ðj
 s
ÞVtþ1ðjÞ

¼
X1
j¼sþ

qtþ1ðj
 sþÞVtþ1ðjÞ 

X1
j¼s


qtþ1ðj
 s
ÞVtþ1ðjÞ ð14Þ

that is obviously true. �

Lemma 3.3. If u is a nondecreasing function on S ¼ f0; 1; . . .g and it is K-convex, then
P1

j¼0 ptþ1ðjjs; zÞuðjÞ
is a submodular function on S � f0; 1g.

Proof of Lemma 3.3. We use Lemma 3.1 to prove submodularity. So we need to prove that

X1
j¼0

ptþ1ðjjsþ 1; 1ÞuðjÞ 

X1
j¼0

ptþ1ðjjsþ 1; 0ÞuðjÞ6
X1
j¼0

ptþ1ðjjs; 1ÞuðjÞ 

X1
j¼0

ptþ1ðjjs; 0ÞuðjÞ: ð15Þ

Case 1. s; sþ 16K. Then (15) becomesX1
j¼0

qtþ1ðjÞuðjÞ 

X1
j¼sþ1

qtþ1ðj
 s
 1ÞuðjÞ6
X1
j¼0

qtþ1ðjÞuðjÞ 

X1
j¼s

qtþ1ðj
 sÞuðjÞ;

which simplifies to

X1
j¼0

qtþ1ðjÞuðjÞ 

X1
j¼0

qtþ1ðjÞuðjþ sþ 1Þ6
X1
j¼0

qtþ1ðjÞuðjÞ 

X1
j¼0

qtþ1ðjÞuðjþ sÞ: ð16Þ

Since u is nondecreasing: uðjþ sþ 1ÞP uðjþ sÞ. Thus (15) is satisfied.

Case 2. s, sþ 1PK. Then (15) becomes

X1
j¼sþ1
K

qtþ1ðj
 s
 1þ KÞuðjÞ 

X1
j¼sþ1

qtþ1ðj
 s
 1ÞuðjÞ

6

X1
j¼s
K

qtþ1ðj
 sþ KÞuðjÞ 

X1
j¼s

qtþ1ðj
 sÞuðjÞ; ð17Þ
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which simplifies toX1
j¼0

qtþ1ðjÞ½uðjþ sþ 1
 KÞ 
 uðjþ sþ 1Þ�6
X1
j¼0

qtþ1ðjÞ½uðjþ s
 KÞ 
 uðjþ sÞ�:

By K-convexity, we get the desired result. �

The following lemma uses Lemma 3.3 recursively to establish sufficient conditions for K-convexity.

Lemma 3.4. Suppose the following statements hold:

1. gtðs; zÞ is nondecreasing in s for all z 2 f0; 1g, and submodular in S� f0; 1g for t ¼ 0; . . . ; T 
 1.
2. Ptþ1ðs0js; zÞ is nondecreasing in s for all s0 2 S, z 2 f0; 1g, and t ¼ 0; . . . ; T 
 1.
3. gT ðsÞ is nondecreasing in s and K-convex.

Then VtðsÞ is K-convex for t ¼ 0; . . . ; T .

Proof of Lemma 3.4. First note that by Lemma 3.2 and assumptions 1–3 of Lemma 3.4, we can conclude
that Vt is nondecreasing for all t. We use an inductive argument to prove the proposition. Suppose Vtþ1 is K-
convex. Then by Lemma 3.3 we can conclude that

P1
j¼0 ptþ1ðjjs; zÞVtþ1ðjÞ is submodular on S� f0; 1g. The

sum of two submodular functions is submodular; thus by Property 4, wtðs; zÞ is submodular

wtðsþ; 1Þ 
 wtðs
; 1Þ6wtðsþ; 0Þ 
 wtðs
; 0Þ: ð18Þ

Define DwtðsÞ ¼ wtðs; 1Þ 
 wtðs; 0Þ for s 2 S. By submodularity of wt, we conclude that DwtðsÞ is a
nonincreasing sequence in s:

Dwtð0ÞP Dwtð1ÞP � � � P DwtðiÞP � � �
Let n be such that DwtðnÞ is the first negative term in the sequence Dwt.

For sP n; DwtðsÞ < 0 ) wtðs; 1Þ < wtðs; 0Þ ) VtðsÞ ¼ wtðs; 1Þ:
For s < n; DwtðsÞP 0 ) wtðs; 0Þ6wtðs; 1Þ ) VtðsÞ ¼ wtðs; 0Þ:

Using (18) and Property 6 and the above we prove the result for the following five cases:

Case (a): sþ þ K, s
 þ K, sþ, s
 P n

Vtðsþ þ KÞ 
 Vtðs
 þ KÞ ¼ wtðsþ þ K; 1Þ 
 wtðs
 þ K; 1Þ ¼ wtðsþ; 0Þ 
 wtðs
; 0Þ
Pwtðsþ; 1Þ 
 wtðs
; 1Þ ¼ VtðsþÞ 
 Vtðs
Þ:

Case (b): s
 < n6 sþ, s
 þ K, sþ þ K

Vtðsþ þ KÞ 
 Vtðs
 þ KÞ ¼ wtðsþ þ K; 1Þ 
 wtðs
 þ K; 1Þ ¼ wtðsþ; 0Þ 
 wtðs
; 0Þ
> wtðsþ; 1Þ 
 wtðs
; 0Þ ¼ VtðsþÞ 
 Vtðs
Þ;

since DwtðsþÞ < 0.

Case (c): s
, sþ < n6 s
 þ K, sþ þ K

Vtðsþ þ KÞ 
 Vtðs
 þ KÞ ¼ wtðsþ þ K; 1Þ 
 wtðs
 þ K; 1Þ ¼ wtðsþ; 0Þ 
 wtðs
; 0Þ ¼ VtðsþÞ 
 Vtðs
Þ:
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Case (d): s
, sþ, s
 þ K < n6 sþ þ K

Vtðsþ þ KÞ 
 Vtðs
 þ KÞ ¼ wtðsþ þ K; 1Þ 
 wtðs
 þ K; 0ÞPwtðsþ þ K; 1Þ 
 wtðs
 þ K; 1Þ
¼ wtðsþ; 0Þ 
 wtðs
; 0Þ ¼ VtðsþÞ 
 Vtðs
Þ;

since Dwtðs
 þ KÞP 0.

Case (e): s
, sþ, s
 þ K, sþ þ K < n

Vtðsþ þ KÞ 
 Vtðs
 þ KÞ ¼ wtðsþ þ K; 0Þ 
 wtðs
 þ K; 0ÞPwtðsþ þ K; 1Þ 
 wtðs
 þ K; 1Þ
¼ wtðsþ; 0Þ 
 wtðs
; 0Þ ¼ VtðsþÞ 
 Vtðs
Þ:

We have proved that if Vtþ1 is K-convex then Vt is K-convex. Since VT ¼ gT is assumed to be K-convex, we
have by induction that VtðsÞ is K-convex for t ¼ 0; . . . ; T . �

Now we are ready to prove K-convexity of the value function:

Proof of Property 2. We have already proved that in our model the one period cost function gt is non-
decreasing and submodular (Properties 3 and 4) and that Ptþ1 is nondecreasing in s (Property 5). Thus
assumptions 1 and 2 of Lemma 3.4 are satisfied. Assume a zero terminal cost function which is both
nondecreasing and K-convex and it satisfies assumption 3 of Lemma 3.4. Thus Lemma 3.4 gives us K-
convexity of the value function for all time periods. �

Property 7 is a technical corollary that is of interest in Section 3.3.

Proof of Property 7. By Properties 1 and 2 we have that Vt is both K-convex and nondecreasing for all
t ¼ 0; . . . ; T . Thus by Lemma 3.3 we conclude that

P1
j¼0 ptþ1ðjjs; zÞVtðjÞ is submodular for all

t ¼ 0; . . . ; T . �

3.3. Monotone optimal policies

Deb and Serfozo (1973) showed that in steady state the optimal service strategy follows a control limit
structure, which is to say that the service should be performed only when the length of the queue exceeds a
particular limit. We prove optimality of policies with a nonstationary control limit. Puterman (1994) proves
a similar general result on monotone policies:

Theorem 1 (Puterman, 1994, theorem 4.7.5, p. 108). Suppose the following statements hold:

1. gtðs; zÞ is submodular on S� f0; 1g and nondecreasing in s.
2. Ptþ1ðs0js; zÞ is nondecreasing in s for all s0 2 S and z 2 f0; 1g.
3.

P1
j¼0 ptþ1ðjjs; zÞuðjÞ is a submodular function on S � f0; 1g whenever u is a nondecreasing function on

S ¼ f0; 1; . . .g.
4. gT ðsÞ ¼ VT ðsÞ is nondecreasing in s.

Then there exists an optimal decision rule z�t ðsÞ 2 f0; 1g which is nondecreasing in s for all t.

The homogeneous customer batch service problem does not satisfy condition 3 of the above theo-
rem. Monotonicity of the value function is not a sufficient condition to prove submodularity ofP1

j¼0 ptþ1ðjjs; zÞV ðjÞ. According to Lemma 3.3 we also need the extra assumption of K-convexity of the
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value function. Using the structural properties of Section 3.1 we prove our version of the result which
involves K-convexity.

Proposition 1. For the homogeneous customer batch service problem there exists an optimal decision rule
z�t ðsÞ 2 f0; 1g which is nondecreasing in s for all t.

We use the following lemma from Puterman (1994, Lemma 4.7.1, p. 104 and Exercise 4.1.7, p. 115).

Lemma 3.5. Suppose w is a submodular function on X � Y and for each x 2 X , miny2Y wðx; yÞ exists. Then

f ðxÞ ¼ max y 0 2 argmin
y2Y

wðx; yÞ
� 	

ð19Þ

is monotone nondecreasing in x.

Proof of Proposition 1. By Property 4 we have that gtðs; zÞ is submodular for all t. By Property 7 we have
that

P1
j¼0 ptþ1ðjjs; zÞVtþ1ðjÞ is submodular for all t. Thus wt is submodular for all t, as a sum of submodular

functions. Using Lemma 3.5 we conclude that there exists an optimal decision rule, say z�t ðsÞ, that is
nondecreasing in s for all t. �

Proposition 1 gives us the result that services can be performed based on a time varying control limit
policy. Although intuitively obvious the result is important in classifying our problem in the class of
problems with monotone optimal strategies.

4. Solution strategies

The optimality equations of the model we define in Section 2 are given by

VtðStÞ ¼ min
zt

gtðSt; ztÞf þ aE½Vtþ1ðStþ1ÞjSt�g ð20Þ

for t ¼ 0; . . . ; T 
 1. For the problem that we consider, which exhibits a scalar state variable, the optimality
equations can be solved directly using a backward dynamic programming algorithm (see, for example,
Puterman, 1994). That is, given Vtþ1ðStþ1Þ, we can find VtðStÞ by solving Eq. (20) for each possible state St.
The problem with this approach is that it does not generalize to more complex problems where St is a
vector. For this reason, this section proposes an adaptive dynamic programming algorithm. Our goal is
to introduce an algorithm which is scalable to more complex problems, and study the properties of this
algorithm in the context of a scalar problem which can be solved to optimality.

Our presentation begins by introducing the concept of an incomplete state variable which leads to a
different dynamic programming recursion. Then we provide a formal description of the basic forward
dynamic programming algorithm and finally we introduce our monotone adaptive dynamic programming
algorithm as a variation of the basic algorithm.

4.1. The incomplete state variable

Although considerable attention is given to the complexity introduced when the state variable St is a
vector (the so-called ‘‘curse of dimensionality’’) we have found that, in real applications, the expectation in
Eq. (20) can be equally problematic. The standard approach is to replace the expectation with an ap-
proximation based on a subset of the full sample space, but this can still be computationally difficult for
larger problems.
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We want to consider an approximation using Monte Carlo sampling. For a sample realization
x ¼ ða1; . . . ; aT Þ we propose the following approximation:

~VVtðstÞ ¼ min
zt

gtðst; ztÞ
n

þ aV̂Vtþ1ðstþ1Þ
o
:

(Note that we refer to our approximation as V̂V ; ~VV is a function that serves as a placeholder, not to be
confused with V̂V .) However, stþ1 ¼ ðst 
 ztKÞþ þ atþ1 is a function of atþ1 and thus when calculating the
suboptimal zt in the above minimization we are using future information from time t þ 1. To correct this
problem we revisit the problem definition and introduce what we call the incomplete state variable.

The information process of the model as defined in Section 2 is as follows:

fS0; z0;A1; S1; z1;A2; S2; z2; . . . ;AT ; STg:

We want to measure the state variable at time t before the arrivals At. We call this new state variable the
incomplete state variable and we denote it by S


t . Thus the information process becomes

S

0 ;A0; z0; S


1 ;A1; z1; S

2 ;A2; z2; . . . ; S


T
1;AT
1; zT
1; S

T

� 
;

where S

0 ¼ S0 
 A0 and S


T ¼ ST 
 AT . Note that St contains the same amount of information as S

t and At

together; in fact we have St ¼ S

t þ At. We substitute this into (20)

VtðS

t þ AtÞ ¼ min

zt
gtðS


t

�
þ At; ztÞ þ aE½Vtþ1ðS


tþ1 þ Atþ1ÞjS

t þ At�


: ð21Þ

The system dynamics also change to

S

tþ1 ¼ ½S


t þ At 
 Kzt�þ: ð22Þ

Now we take expectations of both sides of (21) conditioned on S

t :

E VtðS

t

�
þ AtÞjS


t

�
¼ E min

zt
gtðS


t

��
þ At; ztÞ þ aE½Vtþ1ðS


tþ1 þ Atþ1ÞjS

t þ At�


jS


t

�
:

Since the expectation of Vtþ1ðS

tþ1 þ Atþ1Þ conditioned on S


t þ At is also inside the minimization over zt, we
calculate the expectation of Vtþ1ðS


tþ1 þ Atþ1Þ assuming that we know S

t þ At and zt. The information

contained in S

t þ At and zt is the same as the information in S


tþ1. Thus we can replace the conditional with
S

tþ1:

E VtðS

t

�
þ AtÞjS


t

�
¼ E min

zt
gtðS


t

��
þ At; ztÞ þ aE½Vtþ1ðS


tþ1 þ Atþ1ÞjS

tþ1�


jS


t

�
: ð23Þ

Now let us define the following functions:

V 

t ðsÞ � E½VtðS


t þ AtÞjS

t ¼ s�; ð24Þ

g
t ðs
t ; at; ztÞ � gtðs
t þ at; ztÞ ¼ czt þ hðs
t þ at 
 KztÞþ: ð25Þ

Then (23) becomes

V 

t ðS


t Þ ¼ E min
zt

g
t ðS

t ;At; ztÞ

��
þ aV 


tþ1ðS

tþ1Þ


jS


t

�
ð26Þ

for all t ¼ 0; 1; . . . ; T 
 1. These are the optimality equations corresponding to the incomplete state vari-
able. Note that our new value function V 
 is also nondecreasing since it is the conditional expectation of a
nondecreasing function. The above expectation is taken over the random variable At. Thus if we considered
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an approximation using Monte Carlo sampling the decision variable zt could be determined using only the
sample realization of arrivals at time t, at.

4.2. The basic algorithm

In this section we provide a formal statement of the basic forward dynamic programming algorithm. In
Section 4.3 we proceed to introduce our monotone adaptive dynamic programming algorithm as a vari-
ation of the algorithm described here.

We start with the new optimality equation (26). For a sample realization AtðxÞ ¼ at, we propose the
following approximation:

V̂Vtðs
t Þ ¼ min
zt

g
t ðs
t ; at; ztÞ
n

þ aV̂Vtþ1ðs
tþ1Þ
o
: ð27Þ

The forward dynamic programming algorithm simulates forward through time at each iteration using a
sample realization of the arrival process and the current estimates of the value functions, thus creating a
state and decision trajectory: At time t, state s
;k

t , using a sample realization akt and the current estimate
of the value function V̂V k
1

tþ1 , the suboptimal decision zkt is calculated by solving

zkt ¼ argmin
z

g
t s
;k
t ; akt ; z

k
t

� �n
þ aV̂V k
1

tþ1 s
;k
t

��
þ akt 
 zK

�þ�o
: ð28Þ

Then the state at the next time period is calculated using the transfer function (22). This continues forward
through time until the end of the horizon.

The backward pass is performed to update the value function estimates using the decision and state
trajectories: fzkt g

T
1
t¼0 , fs


;k
t gTt¼0. We update the value function estimate V̂V k

t at the state s
;k
t using

V̂V kþ1
t s
;k

t

� �
¼ ð1
 akÞV̂V k

t s
;k
t

� �
þ ak g
t s
;k

t ; akt ; z
k
t

� ��
þ aV̂V kþ1

tþ1 s
;k
tþ1

� ��
:

The above step is performed backward in time for t ¼ T 
 1; . . . ; 0.
The following description of the algorithm executes the algorithm for N iterations and assumes that the

state variable does not exceed Smax which is chosen to be a small multiple of K.

Basic forward dynamic programming algorithm

Step 1. Given s0: Set V̂V k
t ðsÞ ¼ 0 for all t; k and s 2 f0; . . . ; Smaxg. Set s
;k

0 ¼ s0 for all k. Set k ¼ 1.
Step 2. Choose a random outcome xk ¼ ðak0; ak1; . . . ; akT
1Þ.
Step 3. For t ¼ 0 to t ¼ T 
 1 perform:

zkt :¼ arg min
z2f0;1g

g
t ðs
;k
t ; akt ; zÞ

n
þ aV̂V k

tþ1ð½s
;k
t þ akt 
 Kz�þÞ

o
ð29Þ

and

s
;k
tþ1 :¼ ½s
;k

t þ akt 
 Kzkt �
þ: ð30Þ

Step 4. For t ¼ T 
 1 to t ¼ 0 perform:

Using a stepsize ak, update the estimate at state s
;k
t :

V̂V kþ1
t ðsÞ :¼ 1
 akV̂V k

t ðsÞ þ ak g
t ðs

;k
t ; akt ; z

k
t Þ þ aV̂V kþ1

tþ1 ðs
;k
tþ1Þ

n o
if s ¼ s
;k

t ;

V̂V k
t ðsÞ otherwise:

8<
:

Step 5. If k < N , then set k ¼ k þ 1 and go to Step 2; else stop here.
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4.3. Adaptive dynamic programming using structure

The monotone adaptive dynamic programming algorithm is simply a variation of the basic forward
dynamic programming algorithm. The difference occurs in the way we update the value function estimates.
Our algorithm consists of breaking step 4 into two steps. Our revised version of step 4 is given by:
Step 4. For t ¼ T 
 1 to t ¼ 0 perform:

(a) Update the estimate at state s
;k
t :

V̂V kþ1
t ðsÞ :¼ 1
 akV̂V k

t ðsÞ þ ak g
t ðs

;k
t ; akt ; z

k
t Þ þ aV̂V kþ1

tþ1 ðs
;k
tþ1Þ

n o
if s ¼ s
;k

t ;

V̂V k
t ðsÞ otherwise:

8<
:

(b) Enforce monotonicity:
1. For all i ¼ s
;k

t 
 1; . . . ; 0 and while V̂V kþ1
t ðiÞ > V̂V kþ1

t ðs
;k
t Þ: set V̂V kþ1

t ðiÞ :¼ V̂V kþ1
t ðs
;k

t Þ.
2. For all i ¼ s
;k

t þ 1; . . . ; Smax and while V̂V kþ1
t ðiÞ < V̂V kþ1

t ðs
;k
t Þ: set V̂V kþ1

t ðiÞ :¼ V̂V kþ1
t ðs
;k

t Þ.

Step 4(b) is to preserve monotonicity of the value function estimates. At time t iteration k the state whose
value has been updated in Step 4(a) of the basic algorithm is s
;k

t and the new value is V̂V kþ1
t ðs
;k

t Þ. We then
check the value function estimates at time t of neighboring states of s
;k

t and if they violate monotonicity we
set them to V̂V k

t ðs

;k
t Þ.

Step 4(b) is what makes this algorithm a functional approximation algorithm. This is because it uses
information about the structure of the function (in this case monotonicity) to improve the estimates of
neighboring cells. There is no need to cycle through the whole state space to check for violations of mo-
notonicity. Once the value function estimate at a specific state is updated we only need to find and update
states directly above and directly below that state until we find one whose value function estimate does not
violate monotonicity.

Fig. 2 shows the process of updating neighboring states when their value violates monotonicity. The first
plot shows the monotone estimate at iteration k of the value function V̂V k

t , the new observation in iteration
k þ 1 of the value function in state s
;k

t ¼ 3 as well as the new smoothed estimate of the value function in
state 3, V̂V kþ1

t ð3Þ. The second plot presents Step 4(a) of the basic algorithm where the new estimate of the

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0
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Step 4(a)

new estimate   
new observation
old estimate   

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
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Step 4(b)

new monotone estimate
new observation      
old estimates        
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New observation

old monotone estimate   
new observation         
smoothed new observation

Fig. 2. Step 4 of the monotone forward dynamic programming algorithm. The second plot illustrates Step 4(a) and the third plot

illustrates Step 4(b).
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value function is shown at iteration k þ 1 by incorporating the new value at state 3. At this point we look
for neighboring states of state 3 to see if monotonicity has been violated. We note that monotonicity has
been violated by state 2 and so we set the estimate of state 2 equal to V̂V kþ1

t ð3Þ, as shown in the third plot.
The algorithm with no updates of neighboring cells has been used and studied by Bertsekas and Tsi-

tsiklis. This algorithm has proved to be convergent under the assumption that each state is visited infinitely
many times (Bertsekas and Tsitsiklis, 1996). However, in many problems including the batch service
problem there is no assurance that all states will be visited infinitely often. As the process converges to the
optimal or sub-optimal policies certain states determined by these policies are visited far more frequently
than others. There is no guarantee of convergence of this algorithm in the problem we are studying.

5. Experiments

In this section we test the performance of our algorithm. We take advantage of the fact that the ho-
mogeneous customer batch service problem can be solved optimally to evaluate the performance of the
algorithms. We design the experiments in Section 5.1, construct the format of the algorithms in Section 5.2,
and finally in Section 5.3 we discuss and compare the performance of different approximation methods.

5.1. Experimental design

This section describes the experiments that test the performance of the adaptive dynamic programming
algorithm. We design the parameter data sets and describe the competing strategies.

5.1.1. Data sets
In order to test our algorithm, we create data sets by varying the arrival sets and some other model

parameters.
We assume that the arrivals at time t, At, follow a Poisson distribution with known mean. We generate

ten arrival scenarios for the means: fli
tg

T
1
t¼0 for i ¼ 1; . . . ; 10, where li

t is the mean of the arrivals at time t in
scenario i. Four of these arrival scenarios are periodic and the remaining six are aperiodic generated
uniformly from f0; 1; 2; 3g or f0; 1; . . . ; 6g. The periodic arrival sets go through periods of zero arrivals,
which are what we call ‘dead periods’. This is a natural phenomenon in actual arrival scenarios for some
applications. Thus, we also introduce ‘dead periods’ in the aperiodic uniformly generated arrival sets. Fig. 3
shows the three types of arrival scenarios: periodic, uniformly generated aperiodic without dead periods
and with dead periods. In general, we try to design our arrival sets so that they vary with respect to pe-
riodicity, length of dead periods, mean number of arrivals and maximum number of arrivals.

We fix the following parameters throughout the data sets: T ¼ 200, Ds ¼ 1, c ¼ 200, a ¼ 0:99. However,
we vary the waiting cost per customer per time period (h ¼ 2; 3; 5; 8; 10) and the service capacity
(K ¼ 8; 10; 15). By varying these two parameters we create 10 situations where the average waiting cost per
customer is greater than, approximately equal to, or less than the service cost per customer (c=K). Note that
we approximate the average number of time periods that a customer waits at the station by ðK=2Þ=k, as-
suming that on average the size of service batch is half the service capacity. If we let k be the average
number of arrivals per time period then the average waiting cost per customer is hðK=2Þ=k.

Thus we have a total of 100 data sets (10� 10). We run the experiments for all 100 data sets but for
convenience in reporting results we group them into six groups according to their different features. In
Table 1 we see that the data sets are grouped according to periodicity and according to the relationship
between average waiting cost per customer and service cost per customer. We report the performance
results of these six groups.
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5.1.2. Competing strategies
Since our discussion in this paper is to emphasize the importance of using structural information we

consider the adaptive dynamic programming algorithm with no structure to be our competition and we
compare our results to this method. We compare both methods to the optimal solution.

5.2. Calibrating the algorithm

In this section we find the number of iterations to run the algorithms and we decide on a stepsize rule.

5.2.1. Number of iterations
Our stopping rules are based on determining the required number of iterations to run the algorithm, in

order to achieve the appropriate performance levels for each approximation method. In general, experi-
ments have two types of iterations: training and testing.

Training iterations are performed in order to estimate the value approximations. At each training it-
eration we randomly choose an initial state from the set f0; 1; . . . ;K 
 1g. This allows the algorithm to visit

Table 1

Fractional cost produced by each algorithm relative to optimal

Method Monotone structure No structure

Iterations 500 1000 2000 500 1000 2000

Data sets

h > c=K Periodic 0.0301 0.0190 0.0122 0.1966 0.1110 0.0621

Aperiodic 0.0275 0.0188 0.0137 0.1468 0.0955 0.0655

h ’ c=K Periodic 0.0295 0.0145 0.0105 0.2892 0.1829 0.1181

Aperiodic 0.0283 0.0205 0.0134 0.3318 0.1857 0.1377

h < c=K Periodic 0.0453 0.0261 0.0203 0.4385 0.3050 0.2378

Aperiodic 0.0443 0.0267 0.0184 0.4540 0.3164 0.2301

Average 0.0342 0.0209 0.0147 0.3095 0.1994 0.1419
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Fig. 3. Arrival set 1 is a periodic arrival set with dead periods. Arrival sets 2 and 3 are aperiodic uniformly generated without dead

periods and with dead periods.
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more states. To determine the appropriate number of training iterations, we ran a series of tests. We
concluded that the performance of our monotone algorithm stabilizes after 1000 iterations and for com-
parison we choose to run it for 500, 1000 and 2000 iterations.

Testing iterations are performed to test the performance of the approximation method over different
samples of arrivals. We perform the testing iterations for different values of the initial state (s0 ¼ 0;
. . . ;K 
 1) and we average costs accordingly. All experiments are performed for 100 testing iterations and
the values are averaged over iterations.

5.2.2. Stepsize rule
We use a stepsize rule of the form a=ðb þ kÞ, where k is the number of iterations, for smoothing the

updated value function with the estimate of the last iteration. We tested different values of a and b on
several data sets and found that a stepsize of 4=ð5þ fiðkÞÞ worked best, where fiðkÞ is the number of times
that state i, whose value is being smoothed, has been visited up to iteration k. fiðkÞ does not count the
updates to state i from neighboring states. Thus, the states that have not been visited many times will have
high stepsizes and the ones visited many times will have low stepsizes. This stepsize rule weighs new
information on the value of a state according to the amount of information received in past iterations
regarding that state.

5.3. Experimental results

In this section we report on the experimental results and discuss the performance of each approximation
method. The results of our experiments for each method and each data group are listed in Table 1. The
entries in the table are the total costs expressed relative to the optimal solution, averaged over the data sets
of each group.

5.3.1. Value approximation performance
The monotone functional adaptive dynamic programming method performs significantly better than the

algorithm with no structure. On average our algorithm has percentage errors from optimal that are ten
times smaller than the percentage errors of the basic forward dynamic programming algorithm. The sat-
isfying performance of our approximation method is consistent throughout the data sets. This is not true
for the algorithm with no structure, whose percentage errors fluctuate highly between data sets.

Our algorithm reaches satisfactory levels of performance at a smaller number of iterations than the
algorithm with no structure. Even at 500 iterations our algorithm performs within 5% of optimal and at
2000 iterations it performs consistently within 2% of optimal. It seems that the algorithm with no structure
has a slow rate of convergence. Even at 2000 iterations the percentage errors for some data sets are ex-
tremely high.

Another general observation is that the algorithm with no structure has the highest errors when the
average waiting cost per customer is lower than the service cost per customer. The percentage errors vary
from 6% to 23% when moving from high waiting cost data sets to low waiting cost. This suggests that this
approximation method incurs a lower total waiting cost than the optimal, which means that its service
decision rules have the server busy longer than the optimal service rules. These phenomena are not ap-
parent in the case of our monotone algorithm whose performance is not affected by the nature of the data
sets.

5.3.2. Conclusions
The monotone adaptive dynamic programming algorithm estimates the optimal decision rules fairly well

with small percentage errors. The algorithm is robust in its consistency to perform well throughout different
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data sets and it converges faster than its competition. At the same number of iterations our monotone
algorithm is ten times closer to optimal than the basic forward dynamic programming algorithm. It is very
encouraging that our algorithm performs well with uncertainty because in practice arrivals are usually
stochastic.

Finally, the introduction of structure in the algorithm is definitely an improvement since it allows the
approximation technique to make use of important information on the shape of the value function when
approximating the optimal decision policies. The use of structure in forward dynamic programming al-
gorithms is very promising and could be extended in harder instances of the problem were the state variable
is multidimensional and optimal solutions are intractable.
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